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Abstract

In recent years, 3D geometry has gained increasing popularity as the new form of digital
media content. Due to advances in sensor technology, it is now feasible to acquire highly
detailed 3D scans of complex scenes to obtain millions of data points at high sampling rates
over large spatial extents. This ability to acquire high-resolution depth information brings
with it the possibility of using 3D geometric data to construct detailed shape models and
of perhaps combining 3D depth with visual appearance from images to address challenging
problems in computer vision.

However, geometric information represented as a 3D point cloud presents challenges
uniquely different from other data modalities such as images or audio. Due to a combina-
tion of reasons such as the spatial irregularity of the data and the implicit nature of 3D
observations, an easy substitution of traditional signal processing operators from images for
processing unorganized 3D points is not possible. Furthermore, traditional estimators from
classical statistics are not suitable for processing data in this domain, and new algorithms
as well as different criteria for evaluating these algorithms are necessary.

This dissertation contributes towards the development of two fundamental building
blocks for processing point clouds. The first is of geometric model fitting, where we present
a class of locally semi-parametric estimators that allows finite-sample analysis of accuracy
and also explicitly addresses the problem of support-radius selection in local fitting. The
second is of multi-scale filtering operators for point clouds that allow detection of interest
regions whose locations as well as spatial extent are completely data-driven. The proposed
approaches are distinguished from related work by operating directly in the input 3D space
on unorganized points without assuming an available mesh or resorting to an intermediate
global 2D parameterization.

Results are presented for several applications including surface reconstruction, accurate
shape descriptor computation and repeatable interest region detection, on synthetic data,

as well as outdoor aerial and ground-based data obtained with a laser scanner.
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Table of Notation

Below is a list of mathematical notation used throughout this document grouped by the

chapters in which they first appear.

CHAPTER : LOCAL SEMI-PARAMETRIC ANALYSIS

Moo Unknown manifold

X Point lying on M (¢ =1...n)

X Noisy observation of x¢ with x; = (z, yi, 2;)

Mioveeeeannnns Noise associated with observation x; with 7; = (12,4, 7y,i02,:)
N Variance of noise 7;

0. Unknown model parameters. 0 = (01,0s,...,60,,)

f(x,0)........ Function of position x whose zero-level set represents a surface with model

parameters 0
V(X)eoiinn Problem-specific map from coordinates x to a higher dimensional vector,

such as the monomials of x

N(xi,15) onne Neighborhood around point x; defined by radius ;. The 7; argument is
sometimes dropped for brevity

Si e Intrinsic coordinates of point x7 on M

< I Estimate of 8 from n observations

Koo, Curvature of line or normal curve (at origin of interest)

T ot Torsion of line (at point of interest)

T Radius of neighborhood (around point of interest) considered for geometric
fitting

OO0 v vvinnnnnnns Std. deviation of noise in each coordinate

X Random variable for the z-coordinate. Y and Z are defined similarly.

D Estimate of E(X) from n samples of X.

|15 = E(X), mean of distribution of random variable X

A (X)oooiii . = E(X — pux)™, capturing centered statistical dispersion of random vari-
able X

en(X,Y) o =E[(X — pux)(Y — py)]™, capturing generalized covariance of two random

variables X and Y.



My ..ooooooo. . Estimator of the scatter (covariance) matrix from the n points in a local

neighborhood.
M............. = E(M,), the expected value of the scatter matrix
Q..o Perturbation matrix that deviates estimate of tangent (normal) away from

its true value

I Spectral gap of M

B(r)........... Error bound in estimate of tangent (normal)

lAlFp..ooe .. Frobenius norm of matrix A

4 S Surface normal (at point of interest)

My oo Normal plane at angle ¢ to some reference vector in the tangent plane, and

containing the normal at that point.
ool Normal curve formed by intersection of plane II, with manifold M

T R Principal curvatures at point of interest. k1 > ko

CHAPTER : CONSTRAINED LOCAL REGRESSION

0 Z I Model parameters of one of the lines (or planes) at a sharp intersection in
2D (or 3D)

GO). .o Vector of algebraic functions of parameters 6 such that ¢(8) = 0 represents
algebraic constraints to be satisfied for the corresponding manifold to be
degenerate.

b’ S Estimate of true position x{ of point on manifold M

Wieoeeennnnn Weight on point x; normally computed as a function of distance from the

point of interest x

CHAPTER : MULTI-SCALE SIGNAL REPRESENTATION

o) T 2D curve parameterized by distance

AX ) oot Kernel operator on position x with bandwidth ¢

Pe(X) it Estimate of point density at location x

L ceeennnnn. Laplace-Beltrami (LB) operator

H............. Mean curvature (at point of interest)

b(xi, Xj,t)..... Density normalized Gaussian kernel function

A, t). oo Density normalized kernel operator on position x with bandwidth ¢

F(x,t) .coo.... Invariant computed at point x at scale ¢



CHAPTER

Introduction

This dissertation presents approaches to process and analyze 3D geometry represented as an
unorganized collection of spatial points. In recent years, 3D geometry has gained increasing
popularity as the new form of digital media content. One testament to this phenomenon
is the marked increase in the number of digital models available on the web [1, 2], 3] 4, [41]
for both commercial and non-commercial use. This emergence of 3D media has been partly
fueled by new techniques to automatically create intricate 3D models from large sets of
partial-view scans.

Due to advances in sensor technology, it is also now feasible to obtain highly detailed
scans of complex scenes over large spatial extents, with millions of data points at high
sampling rates [5]. Previously a specification of high resolution and high accuracy confined
3D model acquisition to small spatial extents. These restrictions on resolution and accuracy
have limited the utility of 3D data for solving problems relevant to mobile robotics. Because
of the relatively lower resolution of 3D laser range scanners in comparison with 2D cameras,
the processing of 3D data has been largely confined to the computation of features that
only reflect coarse geometric detail, sufficient to distinguish between a few classes of terrain
type.

Now, the ability to acquire high-resolution depth information brings with it the possibil-
ity of using 3D geometric data to construct detailed shape models and of perhaps combining
it with 2D appearance information toward solving the general scene understanding prob-
lem. This new possibility in turn brings with it the questions of how best to represent
shape information obtained from 3D sensors, and how to process the 3D data managed

with such a representation to accomplish useful visual tasks such as surface reconstruction
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and interest region detection.

In this chapter, we motivate the work in this dissertation and present arguments for why
raw point clouds are a suitable geometric primitive to represent shapes, discuss the kind
of signal processing tools that are required to make use of the information they represent,

and outline the challenges they present.

1.1 Representing 3D shape

A natural question raised by the problem of 3D data processing is that of how to represent
or mathematically describe geometric information obtained from 3D sensors. Over the past
several decades, this choice has largely been driven by a combination of computational
hardware as well as the target application.

Early surface representations such as B-splines and Bezier curves were continuous ap-
proximations of shape, relying on interpolation schemes to lower memory consumption.
Many of these continuous approximations are still in use today in commercial CAD sys-
tems. With the advent of computers with more memory and computational power, the
continuous approximations gave way to discrete approximations, some of which we list

below:

(i) Range image: Range images are formed when sensors such as optical triangulation
scanners produce depth values on a regular 2D sampling lattice. Thus, they are
conceptually equivalent to regular intensity images, with the exception of the intensity
attribute replaced by the distance from the sensor to the physical location imaged by
the corresponding pixel. Because of this equivalence, range images allow easy, though
not always appropriate, substitution of operators from traditional 2D image signal
processing to the domain of 3D data processing. Several researchers have opted to

work exclusively in this representation to perform visual processing tasks [19], 47, [50].

However, the sensor geometry of laser range scanners need not confirm with a regular
lattice structure of an image. Because of this, the construction of range-images from
raw input point clouds can involve some loss of information as a result of multiple
3D points projecting to the same 2D range image pixel. Related to this, when there
is a mismatch between range image resolution and scanner resolution, there may be
cells for which no data points were observed. This situation of “empty” range cells
is not one that traditional image processing operators, such as convolution filters, are

equipped to handle.

In addition, for applications relevant to mobile robotics, it is reasonable to expect

multiple observations to be made for the same scene from different vantage points.
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In this scenario, it is not straightforward to combine information from multiple range

images of the same scene without reverting to the original 3D input space.

(ii) Polygon mesh: Meshes are undirected graphs composed of a collection of ver-
tices and edges, whose faces represent discrete piecewise approximations of surfaces.
Unlike range images, meshes have the advantage of allowing irregular surface sam-
pling. Triangulated meshes have particularly enjoyed much popularity due to a
combination of a simple data format, and the fact the modern graphics hardware
pipelines support extremely fast rendering of triangles. Much research has gone
into the construction of meshes and toward extending signal processing concepts to
them [30} 54}, 59, [78], 99} 106, 107, 123].

However, meshes are normally not a direct output of a 3D sensor. The construction of a
mesh from noisy data is not straightforward and requires denoising and additional pre-
processing that can undesirably remove geometric detail. Like range image, meshes
are also cumbersome to add information to, as, say the addition of a newly observed

3D point would require breaking and reconstructing the original mesh.

(ili) Voxel grids: Named by combining the words “volume” and “pixel”, voxels represent
spatial occupancy on a regular grid in 3D space. Conversion of input 3D data to a
voxel grid can be done by simply dividing the space into a regular grid and storing
sufficient statistics for the set of points falling into each grid cell. These statistics may
be varied to suit the target application, from a simple indicator variable indicating
occupancy, or more complex functions such as mean position or point scatter. Unlike
range images, voxel grid representation are amenable to data addition, making them
a popular choice in mobile robotics applications [I11] where observations tend to have

a high degree of spatial overlap.

However, like range images, they suffer from the same problems of information loss
and empty cells which make use of traditional image processing operators unsuitable.
In addition, the fidelity of voxel-based representations is limited by the grid resolution
and although variable-resolution data structures like oct-trees may be used to adapt to
the spatial distribution of the data, high-resolution grids still require a lot of memory

for storage.

Why point clouds?

In contrast to the alternatives, working directly with raw point clouds in the input 3D
space offers several advantages. Point clouds are a natural way to represent 3D sensor output
and there is no assumption of available connectivity information or underlying topology. It

is also better suited for dynamic applications requiring data addition and deformation.
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Figure 1.1: View of 3D points obtained from an aerial ladar scan containing 1.25 million
points. Points labeled as associated with the ground are plotted smaller and colored gray for
clarity. Remaining points are colored by elevation using the ‘jet’ colormap. Two relatively
taller building structures may be observed near the center of the image, along with smaller
man-made structures and unstructured vegetation in other areas. The irregular spatial
arrangement of the observed points can be clearly seen.

Recent years have also seen a revival amongst the graphics community in the use of
point clouds directly as a rendering primitive, as it circumvents the need for difficult mesh
construction procedures. It is also a more data efficient alternative when the available point
data density exceeds the viewing screen resolution [66], as there is no need to maintain, store
and render the triangles associated with each edge of a mesh.

However, unlike other data modalities such as images, video or sound, geometric data
processing presents a unique set of challenges that prevents the direct applicability of ex-

isting signal processing tools.

(i) Irregular sampling: Because of the irregular sampling pattern used by typical
3D sensors to acquire geometric information, point clouds typically lack any regu-
lar lattice-like structure. This prevents easy substitution of traditional signal filtering

operators from images for point cloud processing.

(ii) Implicit function: Unlike images which possess a natural representation as an in-
tensity function explicitly defined on spatial locations, the observed “signal” in point
clouds is implicit and represented only by the spatial arrangement of the observed
points. Because of this, traditional signal processing operators from images are not

applicable.
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(iii) Range-dependent noise: Many laser range sensors based on time-of-flight, multi-
ple frequency phase shift, as well as other devices based on optical triangulation or
structure-from-motion have the property that the noise level of the observation varies
as a function of distance of the observed point to the sensor. In many applications, a
model of this noise level variation is available and must be incorporated in the signal

processing pipeline.

(iv) Required invariance: A natural requirement of low-level image processing tech-
niques to the generation of output that is invariant to changes in the viewing conditions
when the image was constructed. For instance, interest region detection algorithms
are typically constructed to be invariant to image magnification or a scaling of image
intensity, corresponding to a change in focal length and global scene illuminant inten-
sity respectively. In the domain of 3D geometry processing, the underlying constant
is surface shape, as opposed to appearance, and the change in sensing conditions that
3D point processing algorithms need to be invariant to is the sampling density of the
acquired point cloud. This requirement constitutes another point of difference from

image processing that is unaddressed in the literature.

There are other artifacts that are specific to existing laser sensor technology, such as
those known as mized pizels. These occur when, due to the non-point spot size of the beam,
the recorded distance by the sensor is corrupted when the physical surface in contact with
the laser beam has significant depth variation. We will not give separate attention to mixed
pixels [109] in this document but treat their effect as one that is captured by our sensor
noise model.

In the next section, we place the above challenges in the context of useful point cloud
processing tasks. We then list our contributions towards meeting these challenges along

with an outline of the document.

1.2 Motivating problem

To illustrate the types of point cloud processing problems relevant to practical application,
consider the example task of constructing a patch-based shape model from point clouds. A
patch-based model is one where the object or scene of interest is represented as a collection of
shape descriptors, such that each descriptor encodes the shape of some small neighborhood
in the original data. Such a strategy is appealing because, by focusing attention away from
the entirety of the input data to small regions, we place ourselves in a better position to
handle practical challenges such as missing data (occlusion) and other objects in the scene
(clutter).
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Figure 1.2: Procedural similarity in the construction of appearance models from images
and shape models from 3D point samples.

We wish to emphasize that while the goal of this dissertation is not the construction
of shape models, this task provides a suitable explanatory tool for two reasons. First, the
construction of reliable shape models from points is of great practical value and requires
good solutions to both the types of problems that we discuss below. Second, because
of the procedural similarity of this task to the corresponding task of constructing patch-
based appearance models from 2D images, there are several useful analogies that can be
drawn to compare and contrast existing techniques in 3D point cloud processing to its 2D
counterparts. (See Figure [1.2)

Several approaches to construct patch-based shape models, as well as other useful tasks
such as scan registration follow a two-step process outlined below.

The first step is the selection of so-called interest regions, where each such region defines
a point of interest and a neighborhood around that point that are in some way salient to the
underlying shape. In the 2D image domain, this selection process is done using an interest
region detector.

The second step in the processing pipeline is the construction of a shape descriptor for
each interest region that encodes the geometry of that region in some way. Some popular
shape descriptors include the spin image [53], the 3D shape context [I5], and descriptors

based on spherical harmonics [57]. In the 2D image domain, some authors choose to augment
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descriptors with information reflecting their relative spatial locations [39]. We emphasize
at this point that we will not be attempting to devise yet another kind of shape descriptor.
Instead, we will focus on the properties that any shape descriptor ought to have in order
to be reliable in the context of a patch-based shape model, and will work toward ensuring
that those properties are satisfied.

For a patch-based model to be useful as a faithful representation of the object’s shape or
appearance, the algorithm used to execute the above two-step process is typically required

to satisfy two criteria:

(i) Coverage: The number and spread of detected interest regions should be sufficient so

as to adequately capture the variation in shape or appearance of the object of interest.

(i) Repeatability: Both components of the model construction process — the detec-
tion of interest regions, and the computation of shape descriptors in those regions —
should be as invariant as possible to changes in sensing conditions. For instance, a
3D region detected in one scan should also be detected on processing any other scan
where it is visible. In the image domain, several detection algorithms exist to guaran-
tee invariance to intensity scaling and affine deformation [79]. As mentioned earlier,
the corresponding requirement in the 3D domain is that of invariance to changes in

sampling and is not straightforward to achieve.

In what follows, we will show how the above two types of repeatability requirements
naturally lead to the two instances of the point cloud processing operations we address in
this document. In particular we show how the requirement of repeatability in computing
shape descriptors is connected to the problem of geometric model fitting, and how the
requirement of repeatability in region selection relates to the problem of interest region

selection from unorganized point clouds.

Repeatability of shape descriptors

Although perhaps not immediately obvious, the problem of shape modeling, or geometric
fitting, can be seen to arise out of the need to construct shape descriptors repeatably.
Several shape descriptors operate by constructing a histogram of point locations through
a radial [I5] or cylindrical [53] spatial arrangement of bins (Figures and [L.3). While
this procedure works well when the sampling density of points is high, the fidelity of the
descriptor to the underlying shape degrades quickly as the number of sampled points de-
creases. This is partly due to a combination of the higher variability of the individual bins
when there are fewer overall points and the fact that some bins in the descriptor may not

have any observations at all.
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Figure 1.3: Shown are points from a full-resolution and a low-resolution scan of a car hood
from the same position. The points in red correspond to the same physical region on the
car. We would ideally like the shape descriptors constructed from both these neighborhoods
to be identical in order to achieve invariance to changes in sampling density.

One way to circumvent this is to first fit a surface shape to the points that have been
observed. Then new points can be synthetically resampled on the surface at sufficiently
high and uniform density, and a descriptor then constructed from these synthesized points
would be reliable again.!

For this modified descriptor construction procedure to work, the algorithm used to fit
a surface to the few available points must have sufficiently high accuracy so as to not bias
the reconstruction away from the true shape. However, as elaborated in Chapter [2| most
existing methods are not appropriate for this geometric fitting task as they do not come
with finite-sample guarantees of accuracy and require prior specification of certain scale
parameters. In Chapter [2 we present an approach to geometric fitting that enjoys the
benefits of both finite-sample error analysis as well as asymptotic convergence to the true
solution, while simultaneously addressing the problem of scale selection. In Chapter [3
we extend this idea to show that non-smooth surface features, such as edges, can also be

included in this modified regression framework.

Repeatability of region selection

The second type of repeatability requirement is that of invariance in the selection of interest
regions to changes in point sampling density. Much of the work in geometry processing
over the past two decades has focused on triangle mesh representations which, by assuming

the availability of perfect connectivity information from the start, reduce the impact of

' A similar idea was employed in [2Z3] where points were synthesized on faces of a mesh by interpolation
to handle low-resolution datasets, although the implementation of this idea assumed that a triangulated
mesh faithful to the underlying surface was already available.
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potentially low number of points in the model. The use of unorganized point samples is
more faithful to the format in which data is typically acquired by sensors, and avoids the
burden of recovering this connectivity explicitly and of constructing triangulated surface
representations.

However, existing work on interest region detection from point clouds suffers from several
drawbacks. First, they make no formal guarantee on the repeatability of the detection with
respect to sampling density. Second, although objects generally exhibit geometric variation
over several spatial extents, existing interest region detectors operate on one or more fixed
preset scales. Finally, many existing detectors rely on heuristic scoring functions that have
to be individually crafted for specific geometric features [44], such as for edges or ridges or
corners.

For these reasons, current practice [40, [76] for the selection of locations at which to
compute shape descriptors has leaned towards either exhaustively or randomly selecting
points and heuristically choosing preset neighborhood sizes over which to compute the
descriptors. Such a strategy ignores the relative variation in the spatial extent of geometric
structures and also risks introducing redundancy in the representation. Note that this
procedure is in sharp contrast to its analog in 2D image processing, where several data-
driven techniques [71, [79] exist to choose both locations and their associated neighborhood
sizes for computing appearance features.

For these reasons, we attempt in Chapter [4] to develop multi-scale filtering operators for
point clouds that are invariant to sampling density, and to use them to develop data-driven
interest region detectors analogous to those commonly used to process 2D images.

Thus, in pursuing the solutions to both the above types of geometry processing tasks,
this dissertation advocates the development of 3D point cloud operators that possess the
same kinds of formal guarantees on repeatability as the signal processing techniques com-
monplace in the 2D image domain. We are optimistic that this technology will place
computer vision practitioners in a better position to easily combine both 3D shape and 2D
appearance information when they are available. For instance, new algorithms to build 2D
appearance models could then be applied straightforwardly to construct 3D shape models,

and vice versa.

1.3 Outline and Contributions

While a complete system that processes 3D data to perform scene understanding is beyond
the scope of this document, this dissertation presents progress towards some fundamental

building blocks that are crucial for achieving this goal.

(i) We show that the problem of local geometric fitting of unorganized points may be cast
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as a statistical inference problem through the use of a local shape parameterization and
a semi-parametric distribution model. Put in practice, this allows diverse problems
such as denoising and surface reconstruction to be solved in the same mathematical
framework. (Chapter

(i) We introduce a class of locally semi-parametric estimators for geometric fitting of
smooth surfaces that (a) allows asymptotic as well as finite-sample analysis of ac-
curacy and (b) explicitly addresses the problem of support-radius selection in local
fitting. This enables the development of accurate reconstruction algorithms that can
automatically adapt to variations in surface shape. We present results to demon-
strate the improved stability of the algorithm in comparison with other algorithms

that require a preset scale parameter. (Chapter

(iii) We show that by modeling sharp geometric features like surface edges and intersections
of curves as degenerate parameterizations of smooth surfaces, it is possible to recon-
struct them from unorganized point clouds in the same semi-parametric regression

framework as smooth surfaces. (Chapter [3))

(iv) We develop a multi-scale operator for point clouds that captures variation in shape
at a point relative to its neighborhood, working analogously to the Laplacian filter in
2D images, but while enjoying the property of being invariant to changes in sampling
density around that point. (Chapter

(v) Using the developed multi-scale operator, we propose an algorithm for data-driven
interest region detection. The approach distinguishes itself from related work by
operating directly in the input 3D space without resorting to an intermediate global

2D parameterization or assuming an available connectivity mesh. (Chapter

The chapters are organized into two parts, the first focusing on geometric modeling
and the second on multi-scale processing. The document concludes with a discussion of
future work in Chapter [5| The two appendices detail the derivation of the semi-parametric
estimator specific to curve and surface reconstruction, and give an overview of matrix

perturbation theory relevant to the presented work.
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CHAPTER

Local Semi-parametric Analysis

In recent years, there has been a resurgence in the use of raw point clouds [60] as the
geometric primitive of choice for several modeling tasks such as rendering [7], editing [6),
[R5, [127], and compression [86].

Because of the increasing polygonal complexity of 3D models in current use and the
associated overhead of processing and managing connectivity information in meshes, it is
considerably more efficient to render points in high-resolution models rather than polygons.
Interestingly, the argument for using point clouds as display primitives can be traced back
to a visionary report by Whitted and Levoy [66] in 1985. The ongoing renaissance has
resulted in several proposed methods for displaying models, such as surfel rendering [88|
[127], splatting [211 [95] 128], and interpolation methods [8, 102}, 115].

Nearly all of the above applications of point cloud processing require some additional
knowledge of the underlying shape represented by the point samples. For example, rendering
requires knowledge of surface normals at each point for visibility and lighting computation.
Some shape compression algorithms utilize estimates of tangents to curves as predictors for
shape outline encoding and iso-contour compression schemes in triangle-meshes [67].

A similar need for recovering information of surface shape exists in applications outside
graphics. For the problem of path planning in mobile robot navigation, there is a frequent
need to evaluate the traversability of terrain by reconstructing its shape from observed
sparse laser data. Accuracy in the reconstruction is crucial in order to reliably determine
a priori whether the vehicle will make all-wheel contact with the ground at each point of a
candidate trajectory. Some shape descriptors, such as spin images [53], require knowledge

of the surface normal at the the points where they are computed in order to guarantee
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rotational invariance of the constructed features.

All the above applications require fitting a surface of some form to observed data. Due to
the nature of sensing modalities, some immediate concerns arise from the above applications
such as data sparseness, irregularity in sampling and range-dependent noise. The subject of
this chapter is a mathematically sound approach to geometric fitting that addresses these

challenges with finite-sample guarantees of accuracy.

2.1 Related Work

There are several approaches to curve and surface fitting, both non-parametric (tensor
voting [77], radial basis functions, etc.) and parametric [67] (moving least-squares approx-
imations [64], implicit parabolic fitting, b-splines, etc.). This section will outline some of
the popular approaches in the literature.

There are many approaches to surface and curve reconstruction motivated by techniques
from computational geometry. These include algorithms based on Delaunay triangula-
tions [10, 25], such as the crust algorithm [9], the cocone algorithm [I1] and its extension
called tight cocone [31], and algorithms based on alpha shapes [33], 34]. As summarized in
[43], the more successful approaches are based on the construction of Delaunay triangula-
tions. Under the somewhat restrictive assumption of a closed bounded shape, the problem
may be transformed into one of filtering the Delaunay tetrahedra whose union approxi-
mates the shape interior. The different approaches promise differing extents of theoretical
guarantees on the reconstructed shape varying with assumptions on sampling density and
smoothness. However, the fact that the reconstruction in these methods can only interpo-
late through the observed points affects the quality of their results with noisy and sparse
data.

Most practical curve and surface reconstruction algorithms are based on local polynomial
fitting and its variants. Recent work by Lewiner et al. [67] computed the coefficients of an
arc-length parameterized third-order approximation to a curve by solving a weighted least-
squares problem at each point using only the points in its local neighborhood. The implicit
parameter in the algorithm was the considered neighborhood radius, which was preset by
fixing the number of neighbors considered at each point. A similar neighborhood selection
strategy was used by Cazals et al. [26] who fit the local representation of a manifold using
coefficients of a truncated Taylor expansion, termed a jet. Hoppe et al. [48] and Zwicker
et al. [127] compute normals to a surface at each point by fitting a plane to its k-nearest
neighbors. The success of these algorithms depends crucially on the chosen value of k, and
there is little guidance in the literature on how to make that choice.

In the computer vision community, much work has been done on geometric reconstruc-

tion using non-parametric tensor voting [77, [104]. A key step of this is a voting procedure
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used to aggregate local information at each point or voxel of interest. The vote is in the
form of a d x d tensor, where d is the data dimensionality, indicating preferred direction of
normal (or tangent), and the eigen decomposition of the aggregate tensor at a point gives
the desired result. Again, a crucial parameter is the choice of the size of the support region
for vote collection, usually chosen heuristically. Work in [104] proposed a fine-to-coarse
approach in which points likely to form curves are linked together at fine scale to form
fragments, and then linked together incrementally as the scale is increased using a heuristic
inspired by perceptual grouping. Our work focuses on sparser point sets than used in [104]
and thus requires guarantees on the small sample behavior of the choice of estimator.

Closely related theoretical work by Mitra et al. [81] addresses the choice of optimal
neighborhood size for normal estimation in surfaces using PCA. They derived a bound on
the angular error between the estimated normal and true normal, and proposed the optimal
radius as the value that minimized that bound. An iterative procedure was suggested that
first estimated the local density and curvature, then computed the optimal radius for those
values, and repeated the procedure until convergence. However, the obtained closed-form
expression had two parameters that relied on knowledge of the observed data distribution
and had to be fixed a priori. Furthermore, it was unclear whether the behavior predicted
by the obtained closed-form expression agreed with real data for finite samples.

In what follows, we describe an approach to local geometric fitting that enjoys the
benefits of both finite-sample error analysis as well as asymptotic efficiency. Section [2.2] for-
mulates the problem and makes the case for the locally semi-parametric approach employed
in the remainder of this chapter. We point out that Section [2.2] presents a generalization of
our previous work in [I10] whose analysis was restricted to 2D and 3D curves. Section
and Section [2.4] will then detail the application of the approach to the analysis of points
lying on curves and its extension to surfaces respectively. We then present results in Sec-
tion [2.5] to validate the behavior predicted by the model on finite real data and demonstrate
its accuracy and stability with some applications. We then conclude in Section with a

summary of the claims made in this chapter along with some directions for future work.

2.2 Approach

In this section, we formulate the geometric fitting problem and develop our solution to it
in a manner that satisfies the requirements of our domain. In the process of doing so, we
will argue that traditional estimators from classical statistics are insufficient to deal with
point sample data, and that both new estimators as well new methods for evaluating these

estimators are necessary.
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Overview

Before presenting our proposed solution to the geometric fitting problem, we briefly motivate
our approach. Our goal in this chapter is two-fold. First, we wish to estimate the parameters
of a geometric model that best fit our observed data. Second, we wish to simultaneously
obtain some guarantee of the accuracy of our solution that is valid for the sparse datasets
we may expect to work with.

To pursue the first objective, we make a design choice of modeling the scene as a
combination of local compact regions, each represented by an implicit function having a
small number of parameters. This design choice offers the flexibility of modeling scenes
that may otherwise be too complex for a function to fit globally. However, this comes at
the cost of requiring a principled method to automatically choose the neighborhoods.

One way to go about the second objective of deriving finite-sample guarantees is to first
pursue the intermediate goal of deriving asymptotic guarantees that are valid when the
number of data samples increases to infinity. Through analyzing this hypothetical scenario,
we may hope to relate the estimation error with infinite data to the practical case of finite
data. The framework of regression from classical statistics offers several tools for deriving
these asymptotic guarantees. Hence, we approach the geometric fitting problem by first
mapping it to the regression problem and deriving the asymptotic error for our chosen
estimator.

To fold both the above objectives into one approach, we make an assumption on how
points in a small neighborhood are spatially distributed. This step introduces the neigh-
borhood size as another variable in the system along with the other unknown variables.
By then measuring the deviation of the solution obtained with finite data from the ideal
asymptotic data case, we obtain an error bound that involves both the unknown parameters
encoding the underlying geometry as well as the neighborhood size. The best estimate of
the model parameters may then be obtained by simply minimizing this error bound for
both sets of unknown variables.

In the next subsection, we will begin by mapping the geometric model fitting problem
to that of classical regression and then make the case for fitting local overlapping neighbor-
hoods. Next, we will introduce a semi-parametric distribution model in order to perform
asymptotic analysis, and finally obtain in closed form the finite-sample error bounds that
we were pursuing. Sections and that follow will illustrate the application of these

ideas for the task of fitting curves and surfaces, respectively, to unorganized points.

Formulation

Our starting point will be the set of available point samples {x;} € R% The points are

assumed to be noisy observations of an unknown underlying curve or surface and follow the
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noise model
X; = X; + 1 where n; ~ N(0,A;), (2.1)

with 7); denotes heteroscedastic (or point-dependent) sensor noise represented as zero-mean
Gaussian with variance A;. The points x{ represent the unknown true points lying on the
manifold. Throughout this chapter, we will assume that the manifold (curve or surface)
under study is smooth, and that the noise variance A; is available through an error model
of the sensor used to acquire the points.
One way to represent the underlying manifold mathematically is through a parameter-
ized implicit equation
f(x7;0)=0 Vi, (2.2)

where 0 represent the unknown model parameters. In particular, we will be interested in
the bilinear form
v(x2)T0 =0, (2.3)

where v denotes a problem-specific vector map.
For example, in the case of fitting a plane to 3D points x = [z ¥ z], the vector map v(x)

would simply be of the form -
v(x) = [:c Yy z 1} ,

and the model parameters 6 = [ns ny n: d]7 would be a 4-element column vector, with
n = [z ny 7z T indicating the normal to the plane and d/||n|| equal to the distance from

the plane to the origin.

Local versus Global Fitting

At this stage, the problem specification is identical to several others in multi-view ge-
ometry. For instance, in the problem of estimating the 3 x 3 fundamental matrix F,
the observed point pairs (z,y) and (2/,y’) are required to satisfy the epipolar constraint
[m Yy 1]TF [m’ Y 1] By expanding the constraint in terms of the entries of F', its
equivalent bilinear form may be obtained as

T
yw' oy oy 1,

v(z,y,2",y) = [m’ vy x ya'
with model parameters 8 representing the 9-element vector of F-matrix coefficients. Prob-
lems of this type have been studied by several researchers [55], [74, [I0§], often by the name
of the non-linear errors-in-variables model.

However, there is one very important difference. In problems such as fundamental ma-
trix estimation, all the observations satisfy a single global constraint equation as a natural

consequence of epipolar geometry. However, in the domain of geometric fitting it is unrea-
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(a) Denoising point clouds (b) Surface reconstruction

Figure 2.1: Point cloud processing tasks such as (a) denoising and (b) surface reconstruction
can be treated as local geometric fitting problems, as illustrated here in a 2D example. For
(a) noise removal, each point x; is simply projected to a line (colored dark red) fit in its
local neighborhood. For (b) surface reconstruction, a scalar field is constructed using the
distance of each grid cell to its locally fit line. The zero-level curve (colored gray in (b))
correspond to the estimate of the curve that best fits the observed points.

sonable to expect that a single equation to capture the geometric complexity of an arbitrary
scene. Conversely, such a model would potentially require far too many parameters, perhaps
exceeding the number of available data points, thus making the fitting problem ill-posed.
We comment on this difference further in Section 2.7

A more tractable approach is that of local geometric fitting, in which the chosen geomet-
ric model is assumed sufficient to explain a subset of observed points in a small neighborhood
N (x;,7;) of each point x; where the r; is the radius defining the neighborhood. Thus the

implicit equation models the surface locally at each point x; as

f(x5,0;) =0 where x; € N(x;,r;) (2.4a)
and Xj = X] +1; where 7; ~ N(0,A;). (2.4b)

Note that j indexes points in the neighborhood N (x;,r;), and that there is now one model
equation for each point x; that is satisfied only by points in its neighborhood N (x;,7;).
The subscript 7 in 0; emphasizes that the model parameters may be different at each point
X;.

Several useful signal processing tasks may be handled in the above framework of local
geometric fitting (see Figure. The task of denoising a point cloud may be accomplished
by simply projecting each observed point x; to the zero-level set of its locally fit surface
f(x,0;). The task of surface reconstruction can be done in a two-step process. First,
divide the input space into a regular grid and perform the geometric fitting procedure in

a neighborhood centered around each grid point. The fitted function evaluated at the grid
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Figure 2.2: Effect of varying neighborhood radius (r) considered for computing tangent at
a point on a sampled curve with respect to the optimal radius (). Estimated and true
tangents are shown by the blue and grey arrows respectively

location gives the unsigned distance of the point to the surface. Performing this at each
grid point gives an unsigned distance map, whose zero-level isosurface may be extracted
using, say, a marching-cubes algorithm, to give the underlying surface.

Given the functional form of f, the remaining problems to be addressed are: (A) scale
selection, or how to choose a neighborhood N (x;,r;) at each point, and (B) parameter
estimation how to compute the model parameters 0; for that neighborhood. Traditionally
these two problems have been addressed separately in the literature.

The first problem of scale selection is usually addressed by arbitrarily fixing the neigh-
borhood size or the value of k in k-nearest neighborhood at each point[48], [67, [127], perhaps
guided by some knowledge of the extent of the scene. This however, can have undesirable
consequences as illustrated in Figure for the case of tangent estimation (or equivalently,
local line fitting) in a 2D curve. Using too small a radius can compromise the quality of
the estimate due to the use of smaller number of noisy data points, while using too large a
radius can permit a potentially dissimilar points in the neighborhood to adversely influence
the estimate. Thus, it is crucial to make a choice of scale in model fitting that reflects the
underlying geometry.

We will show later how the above two problems of model parameter estimation and
scale selection may be solved jointly. For now we shall focus on getting good answers to

the parameter estimation problem.

Reduction to statistical inference

In this section, we compare and draw connections between our problem of geometric fitting
and the regression problem from classical statistics. This is done for two reasons - first, by
mapping our problem into another that is well-studied, we hope to leverage solutions for the

latter to be able to compute the model parameters 0; at each point. Secondly, because our
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revised problem formulation involves computing statistics in local neighborhoods having
potentially a small number of points, we require a way of evaluating the accuracy of our
solution within the established framework of statistical inference.

In what follows, we will drop the subscript ¢ on the 8; and r; terms with the understand-
ing that these two parameters depend on a neighborhood around x; and that this point of
interest is fixed.

A comparison of the geometric fitting equations and the standard regression equa-

tion of the form
yi = Bx; + n;, (2.5)

with model parameter 3 reveals some crucial differences. First, the model parameters 6
in the geometric fitting problem satisfy an implicit equation through f(x,0) = 0, whereas
the relationship is explicit in the regression problem. Second, unlike in standard regression,
there is no distinction into abscissa and ordinate variables in the fitting problem. Finally,
the observation errors occur in all variables unlike in regression where the observation errors
are assumed to exist only in the ordinate.

The first step in converting the geometric fitting problem into the classical regression
framework is to convert the implicit equation into an explicit parametric equation.
This can be done through the introduction of local coordinate system as

x? = x;?(sj, ), (2.6)
where s; denote unknown intrinsic coordinates on the surface M. Note that the s;’s have
the (lower) dimensionality of the manifold while the x;’s have the dimensionality of the
input space.

The effect of introducing manifold coordinates s; is to convert the system of equa-
tions into the explicit system

Xj = X?(Sj, 6) =+ ;- (27)

The equation now has the same functional form as the standard regression prob-
lem but with the addition of nuisance parameters s;. Thus, the unknowns in the
system are {0,s1,82,...,8,} which exceed the number of equations.

Does it matter that the system of equations is under-determined? After all, techniques
such as Expectation-Maximization (EM) are routinely used to solve systems through the
introduction of nuisance parameters. As shall be shown, the problem arises not in solving
the above equations, but instead in evaluating the accuracy of the obtained solution.

A well-accepted paradigm to evaluate the accuracy of an estimator 0, of 8 from n

observations is through its asymptotic efficiency. One way of evaluating this is through the
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question: does 8, — 0 as n — oo? This paradigm of asymptotic behavior is a concept
central to classical statistical reasoning. Can this paradigm be applied to a solution to the
geometric fitting problem?

Unfortunately, classical asymptotic analysis cannot be directly applied to the geometric
fitting problem, at least in the form that we have presented so far, for two reasons. The
first reason, as also pointed out by Kanatani [55], is that classical asymptotic analysis is
applicable to systems having a fixed number of unknown parameters, whereas the number
of unknowns in the geometric fitting problem increases with the number of observations.
Another way to interpret this effect is that each additional observation x,+; is not one
more observation of a system with a fixed number of parameters, but an observation of new
system with one more parameter s,4+1. Thus the number of effective observations of the
system is always one.

The second reason is that of insufficiency. A claim of asymptotic behavior as n — oo does
not necessarily translate to good results for finite n. In reality, we work with finite samples
and expect n to be quite small for each neighborhood. Thus, in addition to asymptotic
convergence, a bound on how wrong the estimate could be for finite n would be more useful
in real application.

The next section will present a technique that enjoys the benefits of both, the ability to
perform asymptotic analysis as well as to analyze finite-sample behavior, and in doing so

will simultaneously address the problem of choosing the support region size.

Locally semi-parametric analysis

From the last section, we saw that a key hindrance to performing asymptotic analysis
was the introduction of nuisance parameters {s;}. One way to circumvent this obstacle
is to assume a parametric form for the distribution that generates the samples {s;}. i.e.
Assume that the random variable T' that generates samples {s;} follows T' ~ pdf(v) where
v denotes the unknown hyperparameters of the chosen form of distribution. The net effect
of this model is to replace the set of unknowns {0,s1,s9,...,s,} by {6,v}. Because this
fixes the number of unknowns, the standard asymptotic analysis may be performed without
difficulty.

Now in general, the imposition of a distribution on samples {s;} is a bad idea because
the distribution over the unknown manifold M need not take a simple form. Indeed, for
the same reasons cited earlier for local fitting, the form of the distribution may require too
many parameters making the problem of determining the hyperparameters difficult.

However, in a small local neighborhood, the distribution will appear nearly uniform.
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Therefore one appealing form of the distribution is
T ~ Uniform(r), (2.8)

where r is the radius of the neighborhood under consideration. Note that the fixed set of
parameters in the system are now 6 and 7, and that radius r has been introduced as a
hyperparameter.

The impact of introducing radius r is that we are now able to map the problem into the
standard statistical framework of regression while incorporating knowledge of the locality
of the fitting problem. Thus, any error bounds we may obtain for a given estimator will
involve the free variable r which may be optimized to improve the accuracy of the solution.
Since the salient feature of this method is the combination of a local parametric model for
the point sample distribution with a different model at each sample point, we refer to it as
a locally semi-parametric approach.

To contrast this approach with related work by Kanatani [55], we wish to point out
that his analysis of geometric fitting demonstrated the inadequacy of classical statistics
using arguments similair to those in the previous section. However, the analysis in [55]
deviates from ours in that its focus is on global fitting and hence the problem of choosing an
appropriate neighborhood size does not arise. Its proposed analysis of estimator convergence
rate as noise 1; — 0 exhibits a dual nature to classical asymptotic analysis, but by itself is
also asymptotic in nature. In contrast, the locally semi-parametric approach benefits from

ond order statistics and

the simple forms of distributions locally to allow computation of
associated finite-sample error bounds, as well as compute asymptotic values to check for
any possible bias of the estimator.

The next two sections will demonstrate the application of the above approach to the
problems of reconstructing 2D and 3D curves, and extend the results to reconstructing 2D

surfaces.

2.3 Reconstruction of Curves

In this section, we illustrate the method of locally semi-parametric analysis through the task
of reconstructing curves from sample points. Evaluating the accuracy of a reconstruction
algorithm by comparing two curves is not straightforward. To make this evaluation more
easily quantifiable, we define the objective to be that of estimating the tangent to the curve
at each observed point, which is much easier to compare and quantify with other algorithms.

We exploit the property of local linearity in the curve through local principal component
analysis (PCA) using an adaptive neighborhood size. Our estimate of the tangent at a point

is the principal eigenvector of the scatter matrix computed in its local neighborhood. We
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Figure 2.3: Model of local curve geometry

choose this estimator as it is simple in form and has been used by other researchers for
related tasks [58, [77) [104].

We propose that, for spatial curves, the neighborhood size should be chosen such that
the principal eigenvalue of the scatter matrix is most closely aligned with the true tangent
to the curve. To make this choice, we derive an upper bound on the expected angular error
induced by finite sampling and sample noise as a function of neighborhood radius. The
optimal radius is then chosen as the value that minimizes this upper bound on angular
error. The ability to bound the accuracy of the estimate for a given neighborhood radius

is the contribution of the locally semi-parametric approach, which we detail below.

Curve model

Our available data is a set of n unordered points {x1,x2,...,%,} in a local neighborhood.
Each such point x; = {z;,y;, z;} may be thought of as a noisy observation of a true point
lying on a smooth curve I at an (unknown) distance s; along the curve.

Without loss of generality, we assume a Frenet reference frame (Figure with origin
located at the point of interest such that the tangent to the curve is aligned with the x-axis,
the curvature vector in the plane of the osculating circle containing the point of interest
is aligned with the y-axis and the normal to the osculating plane is aligned with the z-
axis. The neighborhood considered around the origin is defined as all points lying within
the distance r along the curve from the origin. We may then adopt the semi-parametric

generative model with the samples s; assumed to be generated from a uniform distribution
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S ~ Uniform(—r,r) with additive Gaussian noise 7 ~ N(0,03) as:

Ti = S+ Mg
K 2
Yi = 55 + My, (2.9)

KT 4
4= s + Nz

which is valid for slowly changing values of curvature (k) and torsion (7). i.e. in a local
neighborhood around the point of interest, curvature x and torsion 7 are assumed bounded
and near constant, i.e. £(s),7(s) =~ 0. We also assume i.i.d. sensor noise that is zero-mean
normally distributed with variance o} affecting all three coordinates. In practice, this allows
the value of o( to differ across the scene to account for variation in noise level with distance

from the laser sensor.

The covariance matrix for curves

One technique to estimate the direction of the local tangent at a given sample point on a
curve is to look at the shape of a scatter matrix computed using points in its neighbor-
hood [58|, [77, [T04]. If the curve is smooth, it is reasonable to expect that the scatter matrix
will be elongated and that its major axis, or principal eigenvector, will approximate the
direction of the local tangent for some appropriate (and unknown) range of neighborhood
sizes. In this and the following subsection, we will derive and analyze the conditions under
which this assumption will hold for both 2D and 3D curves.

The random variables X, Y and Z (denoted in capitals to distinguish them from the
data) are functions of the random variable S, whose distribution is assumed to be locally
uniform, and of the observation noise. Hence the distribution of X, Y and Z, as well as
estimators of their 1% and 2°4 order statistics will depend on the coefficients (x, 7) and
order of the functions (given in (2.9)) as well as properties of the uniform (for S) and
Gaussian (for n) distributions.

We start by computing the mean and variance of the estimators used to construct the
sample covariance matrix M,. We will denote the true means of random variables by u

(e.g. px for X) and standard deviation by o (e.g. % for variance of X). Then

My Myo Mg
My = | Ma Moy Mg, (2.10)
Myz Moz Mss
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where
L 2 (r —X VY
n—1 n—1
.V )2 A — X 7
Myy = 2= = Yn)” My =2l 8= Xn) i = Z0) (2.12)
n—1 n—1
7 \2 NCTE % 7
Mgy 2=iFi = Zn)” My —2=iWi=Yn) (1= Z0) (2.13)
n—1 n—1

and X, = % >, T is the sample mean estimator for X, and similarly for Y, and Z,.

Note that, as is well known from introductory statistics [I1§], the diagonal elements are
unbiased estimators for variance (e.g. Mj; is the estimator for variance O'g( of X) and the
off-diagonal elements are unbiased estimators of covariance (e.g. M3 is the estimator for
covariance cov(X, Z) of X and 7).

From the distribution of S ~ Uniform(—r,r), we can then compute the expected values
of each of the above quantities.

For example, using X = S + nx

E(M11) = V(X;) = V(S +n) = V(S;) + o5
2 (2.14)

T
1
:0§(+0(2):/ s —ds+ ol = 3 + od.

_y 2r

Using a similar procedure, we can derive the following identities under the model defined

in (2.9).

E(M3) = cov(X,Y) = gE(S3) =0 (2.15)

E(M3) = cov(X, Z) = %E(S“) = %7«4 (2.16)

E(Ma2) =V(Y) = liV(Sz) +of = Z;A + o} (2.17)

E(Mag) = cov(Y, Z) = ’i;(E(Sf’) —E(SHE(S%) =0 (2.18)
KT\ 2 10

E(Ms3) = V(Z) = <F) =+, (2.19)

To proceed from here, we must use results on the variance of the sample variance and

sample covariance estimators. We state them below, and their proofs may be found in

Appendix
Identity 1 (Variance of the sample variance estimator).

A -3
n nin—1) %

(2.20)
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for a random variable X, where
dn(X) 2 E(X — i)™ (2.21)

Identity 2 (Variance of the sample covariance estimator).

V(Sxy) = CQOZ’ Lo n((%i%) = 71(?”__21)) A(X,Y) (2.22)

for random variables X and Y, where
Cm(X7Y) éE[(X _MX)(Y_MY)]m' (223)

Note that we use the hat symbol (") to distinguish the estimator from the true quantity.
Under the curve model defined in (2.9)), we can derive the expressions for ds(X), ds(Y)
and d4(Z) in a manner similar to that used for (2.15)—(2.19)), using the identity

dy(X +n) = da(X) + 603da(X) + 304 (2.24)

for any random variable X affected by normally distributed independent noise 7 ~ N (0, 03).
Note that the simplification is because the odd moments of 1 vanish and E(n*) = 304. We
may also similarly derive the expressions for ¢; and ¢y for all pairs of X,Y and Z.

Once we have the required values for ¢; and d;, we can then substitute them back in
and to get the variance of the individual estimators, which we denote as V(M;;)
with 4, j = {1,2}. The final expressions for V(A/;;) are listed in Appendix

Observe that the estimator for sample covariance matrix may be expressed as the sum

of the matrix of its expected value and a matrix of random variables as
M, =M +Q. (2.25)

Here M = E(M) is a symmetric matrix with elements given by (2.15)(2.19)), and Q is a
symmetric perturbation matriz of random variables each with mean 0 and variance given
by the expressions listed in Appendix

Perturbation model

In the previous section, we were able to express the scatter matrix (Mn) computed in a
local neighborhood as a sum of an uncorrupted intrinsic quantity (M) and a random matrix
(Q) existing due to finite sampling and noise. In this section we compute the effect of the

perturbation () on the principal eigenvector of M,,.
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We denote the eigenvalues of M = E(M) by A\; > Ay > A3. Let the eigenvector
corresponding to A\; be e;. Let é; be the eigenvector corresponding to the largest eigenvalue
of the estimated M,,. If @ is the symmetric perturbation to the positive semidefinite matrix
M, then the application of the matrix perturbation theorem V.3.4 from [I00] can be shown
to yield

1QllF
(5 Y

where Z(é1, e1) denotes the angle between the estimated €; and the true e;. The quantity

sin (Z(é1,e1)) <

(2.26)

0 = A1 — A2 is the spectral gap of the matrix E(M). ||Q||r represents the Frobenius norm
of matrix Q.! We refer the reader to Appendix for the proof of the above statement.

Since the matrix @) consists of random variables, we are confined to making probabilistic
statements about ||Q||r. Using Chebyshev’s inequality, the square of the value attained by
each element ();; can be upper bounded by

5 _ V(M)

2«
T ne

with probability 1—¢, where V(M;;) is the variance of corresponding finite-sample estimator
of covariance (or variance if i = j).

Thus, in order to minimize the error between the estimated eigenvector €; and the true
eigenvector ey, it is necessary to minimizing the RHS of , which we denote as

B2 |Q||r/5. (2.27)

In the remainder is this section, we will analyze the function B for both 2D and 3D curves.

Angular bounds and their behavior

We first analyze the behavior of the perturbation bound to variation in sampling density,

noise and curvature by looking at the slightly simpler case of 2D curves.

2D curves

We analyze the 2D case by working with the same assumptions as stated earlier except that
we discard the z-coordinate (or equivalently nullify torsion). The scatter matrix in this
case is obtained as the top left 2 x 2 sub-matrix of ), which we will refer to as Q2. From

our perturbation model in Section we know that the Frobenius norm of Qs is upper

' A similar result was used in [82] where the authors invoked theorem V.2.8 from [I00] to bound ||&; —e1 ||
and analyzed the stability of document-link matrices constructed for ranking web pages.
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Plot of 2D bound for varying curvature K, (p=10,0=0.5) Plot of 2D bound for varying noise o, (p=10,k=1)
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Figure 2.4: Plot of analytic 2D bound for varying sampling and geometry parameters

bounded with probability 1 — € by

IRl < - S S v(y)
i=1 j=1 (2.28)

= % [V(Mi1) + V(Maz) + 2V(Mi2)] .

IN

The spectral gap &2 of the corresponding top-left 2 x 2 sub-matrix My of E(M) given
by

2 2
Ny = |3 T 0 (2.29)
2 0 K24 + o2 '
45 0
is obtained easily by inspection as
2 2,4
T KT

This implies that for the dominant eigenvector of M to be the vector [1 0}, the value of
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radius r must satisfy

0<r<V15/k. (2.31)

The bound to be minimized then is

(2.32)

To study the analytical behavior of this bound, we need to replace the discrete parameter
n by a continuous function of radius r, and explicitly express their dependency. To do this,
we use the assumption of minimum local point density p and substitute n = 2pr to form
the analytical plots that follow.

Note, however, that in the implementation of the proposed algorithm we directly set n
in to equal the number of points observed in the neighborhood of candidate radius
r and do not ever need to estimate p. The assumption of an underlying p is used only for
studying the expected behavior of the analytic bound in synthetic data and is not used at
runtime.

Before proceeding, we point out that there are two expected limitations in the functional
analysis of the derived expressions that will be relevant in their experimental validation.
Firstly, although the bounds are discontinuous functions of high order polynomials in 7,
our analysis is restricted to the regime where the constraints required for eigenvector
dominance are satisfied. In this regime, the bound is convex with a unique minimum.

Secondly, and as also observed experimentally in [67, 81], the predicted error tends to
0 as r — 0 for noise-free data. But for oy > 0, the error tends to sharply increase for the
same condition. This behavior is not reflected in our model as our continuous relaxation of
n as 2pr is invalid for small r. Hence, we advocate the interpretation of the function only
in terms of the behavior of its minima in the meaningful regimes of interest, rather than
throughout the domain of the function.

Based on the analytical plots of Ba(r) in Figures [2.4(a){H2.4(c), we make the following
qualitative observations:

1. Complexity: The closed-form expression in unfortunately does not have a sim-
ple form. However, it can be easily shown that the terms with coefficients (n(n—1))~1
in the numerator of Bs(r) are dominated by the others for integer values of n > 2,
reducing the expression to the ratio of the root of a 6th degree polynomial and a 4th

degree polynomial of 7, both only containing even powers of 7.

2. Variation with curvature x: Figure [2.4(a)| plots the function B for multiple values of
r and fixed values of noise and sampling density. As one would expect, the optimal

radius r tends to increase with decreasing curvature in order to compensate for noise
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and sparsity, without exceeding the bounds in ([2.31]) when the eigenvector more closely

aligned to the x-axis is no longer dominant.

3. Variation with sampling noise g : Figure [2.4(b)| plots the function By for multiple
values of k and fixed values of noise and sampling density. It can be seen that as the
noise increases, the point of minima of By increases but only approaching the required

bounds for eigenvector dominance in ([2.31]).

4. Variation with sampling density p : Figure plots the function Bs for multiple
values of sampling density and fixed values of noise and curvature. It is interesting
to note that although the value of the bound decreases as expected with increased
number of points, the location of the extremum hardly changes. This is in contrast
with the observations in [81] for surfaces which varies r with p=0-5. We validate this
later in Section

3D curves

The derivation and behavior of the angular bound for 3D curves is fairly similar to the 2D
case. From Section ||Q||F is upper bounded with probability 1 — € by

1 3 3
1QIF < e > V(M)
= (2.33)

— ie [V(Mn) + V(M) + V(Msz3) + 2 (V(Mys) 4+ V(My3) + V(M%))} ,

Substituting the results from Section gives the required final expression (see Appendix|A.4]).

The matrix of expected values can be written as:

% + 0(2) 0 %r‘l
M=EM)=| 0 24402 0 : (2.34)
gt 0 ()74

We denote the eigenvalues of M as A\ > X > A3. The spectral gap of M is not as
straightforward due to its off-diagonal terms. However, we can lower bound the spectral

gap using the following theorem by Gershgorin [28].

Theorem 1 (Gershgorin circle theorem). For an n x n matriz A with entries a;j, define

n
Ri=_ |ayl
j=1

]._ .
J#i
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Then each eigenvalue of A is in at least one of the discs
{)\ : ‘)\ — aii| S RZ}

A straightforward application of the Gershgorin circle theorem (GCT) [28] gives the

system of inequalities

2 RT 4

,
|)\1—§+0§|§ 20" (2.35)
A _ A 2 2.36
2—45T +0'0 ( )
kT\2 18 KT
A —(—) — t o2 <~ 2.
|A3 c) 7 + og < 30" (2.37)

Under the conditions of (2.31]), this gives the additional constraint on radius as

r < /28/5T, (2.38)

and a bound on spectral gap as:

7“2 KJ2T4 T4

5> e
3237 s "m

(2.39)

Combining ([2.33) and ([2.39)) with the continuous relaxation n = 2pr in (2.27)) gives the

desired result.

The observations we make on the analytic behavior of B(r) are analogous to those in
the 2D case. The main effect of torsion is that due to its presence as an off-diagonal term in
E(M), it always induces a finite angular offset of the dominant eigenvector in the rectifying
plane (see Figure .

However as the radius is decreased, the off-diagonal term tends to 0 with % while the
leading eigenvector decays with 2. Thus in moving from the 2D to 3D analysis, the overall
effect of torsion is to decrease the optimal scale of analysis with increasing 7. This shift can
be verified in Figure which has the same parameters as the 2D curve of Figure [2.4(a)|
but with a non-zero torsion 7 = 0.3.

To summarize this section, we have shown how to relate the error in estimating the shape
(specifically the tangent) of a curve locally from few observations to both its geometry
related parameters, namely the curvature, torsion and sampling noise, as well as to the
choice of support radius size. What this allows us to do in practice is to vary the free
parameter of support radius size so that we get the best possible estimate of the model
parameters. Furthermore, because an upper bound of the allowable search radius can be

computed from the data, the search for the optimal radius that minimizes the error bound
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Plot of 3D bound for varying curvature k, (1=0.3, p=10, ¢=0.5)
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Figure 2.5: Plot of analytic 3D bound for Figure 2.6: Model of local surface
varying curvature geometry

is easy to perform. From the plots showing the variation of the error bound to changes
in geometry parameters, it can also be seen that the strategy of choosing a radius that
minimizes the error bound has the behavior of automatically adapting the locality of the
geometric fitting procedure to the unknown underlying shape.

In the next section, we will extend the above ideas from curves to the analysis of surfaces
in 3D. We will then conclude this chapter with results validating the derived error bounds,
showing the improved stability of the resulting estimators, and finish with an application

for improving shape descriptors.

2.4 From Curves to Surfaces

We can now extend the analysis of the previous section from 2D curves to 3D surfaces by
following elementary concepts from differential geometry.

Adhering to the notation from the previous section, our available data is a set of n
unordered points {x1,xX2,...,X,}, where each point x; = {z;,v;, z;} is now considered as a
noisy observation of a point on a 3D surface M. Without loss of generality, we assume a
Darboux reference frame with origin located at the point of interest such that the surface
normal n is aligned with the positive z-axis, and the principal curvatures x; and ko are
aligned with the positive x-axis and y-axis respectively.

There exists a family II of planes that contain the origin and its normal vector. Each
such plane IL,, lying at an angle ¢ to some reference vector in the tangent plane, intersects
the surface M at a curve Iy, termed the normal curve. (See Figure [2.6})

The neighborhood considered around the origin on the surface is defined as all points
lying within the distance r along any normal curve I', from the origin. For each curve I'y,

we may then adopt the semi-parametric generative model with the samples s; assumed to
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be generated from a uniform distribution S ~ Uniform(—r,r) with additive Gaussian noise
n~ N(0,03) as

z; = $;cos(¢) + Nu.i

yi = sisin(p) + 0y (2.40)
K o2
Zi = 2 S; + 77z iy

where the sectional curvature [32] [121] is given by
K = K1 cos2(p) + kg sin (). (2.41)

As before, sensor noise is assumed i.i.d. and zero-mean normally distributed with variance
o2 affecting all three coordinates.

Following this generative model, each sampled point is assumed to be generated by
randomly picking an angle ¢ € [0, 7] and then picking a point from its normal curve I';, at
distance s € [—r, 7] following a uniform distribution in that interval.

Thus, the expected value of any function ¢(X,Y, Z) of the associated random variables
in a neighborhood N (0, r) under the above generative model may be obtained by integrating

over each normal curve over all angles ¢ € [0, 7] as

E(¢(X,Y, Z)) / / /Qﬂllg XY, Z)p(n)de ds dn, (2.42)
r 2rm
where p(n) denotes the Gaussian distribution on the error variables.

The estimator for surface normal may be chosen in a similar manner as for tangents to
curves, as the eigenvector corresponding to the minimum eigenvalue of the 3 x 3 scatter
matrix M,, computed as per the expression 0) with terms given by through -

The locally semi-parametric analysis of the defined surface normal estimator then pro-
ceeds similarly to the case of curves in the previous section. First, we decompose the scatter
matrix estimator into two components — an expected matrix component M = E(Mn) and

a perturbation matrix component () that vanishes for infinite number of data points. The
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Spectral gap vs. radius

gap (3)

05 1 15 2 25 3
radius (r)

Figure 2.7: Plot of spectral gap of the scatter matrix associated with points sampled on
a quadric surface with K1 = ko = 1. The region of the curve lying above x-axis (shaded
green) marks the radius interval where the minimal eigenvector is aligned with the true
surface normal in the limit. When the spectral gap changes sign beyond a critical value of
radius (about 2.74 in the above scenario), the minimal eigenvector is no longer a suitable
estimator for surface normal.

expected matrix may be computed analytically using (2.40)) and ([2.42)) as

[ dy(X) (X)) (X, Z)
M = E(Mn) == CQ(X, Y) dg(Y) CQ(}/’ Z)
_CQ(X, Z) CQ(Y, Z) dQ(Z)

_ 2.43
% + o2 0 0 (243)
= 0 4o 0
(17512 -2K1k2+17K22) 9
| 0 0 1440 to

Recall that for the case of curves, our chosen estimate (of the curve tangent) at each point
was the dominant eigenvector of the scatter matrix. Since the estimate for surface normals is
the minimal eigenvector as opposed to the maximal eigenvector, the corresponding spectral
gap of interest is the difference between the smallest and second smallest eigenvalue.

From the previous equation, since M is a diagonal matrix, the spectral gap § can be
computed simply by inspection as

r2 ot (17/{% — 2K1Ko + 17/{%)

0=%~ 1440

(2.44)

Thus, for the minimal eigenvector of the computed scatter matrix M, to be aligned
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with the true surface normal, the condition § > 0 must be satisfied. This translates to

240
O<r< 2.45
" \/17/{% — 2K1Kk2 + 17&% ( )

when k1, ke > 0. Figure plots the variation in spectral gap for k1,k2 = 1. It may be
seen that beyond a certain critical radius, the spectral gap changes sign. Hence this critical
radius may be used to bound the search for the radius r that minimizes the estimation error
derived below.

From Section ||Q||F is upper bounded with probability 1 — € by

1QIF < =) v(My)
p (2.46)

_ L [V(Mn) + V(Maz) + V(M33) + 2 (V(M12) + V(Mi3) + V(M23))]7

ne

where the individual variance terms may be computed using the Identities [I| and [2] from
Section 2.3
Thus the error in the estimate of the surface normal B(r) from the true normal is

bounded by
» |IQllF
=

From the plots of B(r) in Figures [2.8(a)H2.8(c)|, we can make the following qualitative

observations:

B(r) (2.47)

e Variation with curvature x: Figure[2.8(a)|plots the function B(r) for multiple values of
k1 = ko = k and fixed values of noise and sampling density. As one would expect, the
optimal radius r tends to increase with decreasing curvature in order to compensate
for noise and sparsity upto the point where the eigenvector more closely aligned to

the z-axis is no longer dominant.

e Variation with sampling noise o¢ : Figure [2.8(b)| plots the function B(r) for multiple
values of k1 = k9 = k and fixed values of noise and sampling density. As with the
case of curves, with increasing noise, the point of minima of B increases but only

approaching the required bounds for eigenvector dominance.

e Variation with sampling density p : Figure [2.8(c)|plots the function B(r) for multiple
values of sampling density and fixed values of noise and curvature. As expected the
value of the bound decreases with increased number of points, but the location of the

extremum hardly changes.
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Figure 2.8: Plots of analytic error bound for computing normals to surfaces of varying
geometry parameters

2.5 Experiments

In this section we present experimental results to validate the theoretical behavior predicted
by the models built in the previous section for curves and surfaces, and also to study the
numerical accuracy and stability of the resulting algorithms. We start with an outline of

the algorithm procedure and draw attention to a few implementation details below.

Algorithm and Implementation

Algorithm (1| details the procedure used to estimate tangents (normals) from points
sampled from curves (surfaces). We describe the algorithm for the case of curves and draw
attention to some implementation details below.

The algorithm is initialized with a starting value of radius 7(*) for ¢ = 0, that is chosen
in our experiments as the distance to the k-th nearest neighbor for k = 5. For this starting

neighborhood size r(), we estimate the curvature (x()) and torsion (7(*)) using [67] and
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Algorithm 1 Estimation of tangents (normals) from unorganized points
Data: Points X = {x;} € R3 withi=1...n.

1: Construct a graph G on the points from which approximate geodesic distances may
be computed as graph path distances. Distance dg(x;,x;) between any pair of points
X;,X; can be computed efficiently using Dijkstra’s algorithm.

2: for z € {x;} do

3:  Choose starting neighborhood radius r;—g, say using distance to the k-th nearest
neighbor for a small k.

4: repeat

5: Estimate curvature s¢(r) (and torsion 74(r)) for points in geodesic radius r = ry
from x;.
6: Perform a 1D line search to solve r,y; = argmin B(ry, k¢, 7¢) subject to boundary

conditions on r to enforce positive spectral gap J > 0.
7:  until convergence of ry, else t =t + 1
8: end for

use a sensor model to obtain the value of sample noise. Then we perform a 1D line-
estimation on 7 to obtain the radius r**1 that minimizes the error bound of , subject
to the constraint using values computed for time t. We then re-estimate £t and
71 corresponding to the new value of radius r and iterate till convergence. To prevent
large changes in estimates of r between iterations, we used a damping factor, although no
significant difference in results was observed without it.

To estimate k and 7 for curves at each iteration, we use the procedure from [67] setting
its scale parameter to the current estimate of 7. Both the technique in [67] and our method
for scale selection approximate distances between points along the underlying curve by a
sum of edge distances in a graph constructed on the points. For the case of surfaces, we
use the curvature estimation procedure suggested in [81].

One technical detail that we wish to point out is that, as a side-effect of choosing
coordinate descent as our strategy for minimizing the error bound and of re-estimating
the curve (or surface) parameters used to compute those bounds, the error curve being
minimized is not guaranteed to be the same across successive iterations of the algorithm. In
principle, this means that the above iterative procedure need not always converge. However,
given that the error function is smooth across the radius parameter in the region of interest,
it reasonable to expect convergence under the weak assumption of the error surface being
smooth around the global minima across both the model parameters as well as the radius.
We have not encountered a case where the above procedure does not converge in practice.

We chose to construct the graph as the sum of multiple edge-disjoint minimum spanning
trees (DMST), suggested in [24] as an extension of minimal spanning trees (MST). This
is done by first building the MST on the complete graph of the points, then removing
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Figure 2.9: Laser scan of a concertina wire having the geometry of two oppositely wound
helices of equal diameter: (a) Scene outline showing the concertina wire structure and the
ground plane (b) Raw 3-D points color-coded by elevation [axis length = 0.5m)], (¢) DMST
graph constructed on manually extracted non-ground points, (d) Estimated tangents using
scale-adaptive PCA.

the edges that form the MST, and then iteratively constructing subsequent MST on the
remaining edges. This graph construction procedure is followed by a post-processing step of
rejecting edges with length greater than that determined by our assumed minimum global
density (po). Figure shows an example of a construction for points acquired from a
concertina wire. The range sensor used is a SICK LMS-291 attached to a custom made
scanning mount. The angular separation between laser beams is %O over a 100° field of
view. The angular separation between laser sweeps is %o over a range of 115°.

The construction using DMSTs has some desirable properties over traditional k-nearest
neighbor or e-ball schemes. In practice, it produces connected graphs without undesirable
gaps and does not induce edges to clump together in noisy regions having relatively higher
point density. The only parameter to be chosen is the number of spanning trees (in our
case, = 2 for curves and = 4 for surfaces) and we have observed it to be robust to changes
in the dataset for our choice. In Section we discuss the problem of geometric graph

construction in more detail.
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Figure 2.10: Plot of angular error observed when computing tangents from points sam-
pled from 2D parabolas for varying sampling and geometric parameters. Colored markers
indicate location of minima on the corresponding line. (Figure is best seen in color.)

Validation
Curves in 2D and 3D

As a first step, we test our model by attempting to validate the behavior predicted by the
analytical bounds of Section for the 2D case. This is done by analytically computing
the estimation error on points sampled from synthetic 2D curves The test curve is a 2D
parabola and the error in tangent direction is evaluated at the apex for various values
of curvature and point density. The estimation is done using PCA for various values of
neighborhood radius. The reader is encouraged to compare Figures [2.10(a)f2.10(c)| with
the analytic curves of Figures

Figure[2.10(a)|shows the observed angular error with varying curvature  of the parabola.
It can be seen to show the predicted systematic decrease in scale for increased curvature.

The variation of estimation error with sample noise o3 in Figure [2.10(b)| shows the increase
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Figure 2.11: Plots of angular error observed when computing normals from points sampled
from paraboloid surfaces for varying geometry and sampling parameters. Colored markers
indicate location of minima on the corresponding line. (Figure is best seen in color.)

in optimal scale for increased noise. Figure [2.10(c)| shows the relatively small change in
choice of optimal scale except at a low density. It also shows the expected decrease in error

with increasing sample density.

Surfaces

We perform a validation experiment similar to that done for curves but with a paraboloid

surface. The estimate of surface normal at a fixed point is evaluated for varying values of

geometric and sampling parameters. Figures|2.11(a) [2.11(b)|and [2.11(c)| show variation in

estimation error the radius of curvature, sampling noise level and number of points. The
conclusion obtained by comparing these figures with the corresponding figures in Section [2.4

are similar to those for curves, and are omitted here for brevity.
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Stability and Accuracy
Curves

We choose to compare the proposed method with the polynomial fitting algorithm of [67],
as the latter performed nearly uniformly better experimentally on a variety of synthetic
curves against a large family of other fitting approaches based on Gaussian smoothing,
Fourier transforms and others.

Figure [2.12] presents results on 100 samples from two synthetic curves, a 2D hypocy-
cloid and a 3D conical helix (as also used in [67]). The hypocycloid has the parametric
form (4 cos(t) — cos(2t), 4sin(t) + sin(2¢)) with ¢ € [0,27] and the helix has the form
(tcos(t),tsin(t),t) with ¢ € [7/2,57/2]. These two are presented as their constantly vary-
ing curvature violates the assumptions made in both algorithms, and PCA is intuitively not
expected to perform well on them under its simplistic assumption of local linearity. The
algorithms were run for 30 datasets each for varied sample noise (o). A range of values for
radius rg were used to fix the scale for polynomial fitting and correspondingly serve as the
starting point of the proposed PCA algorithm.

As seen in Figure the scale-adaptive PCA performs surprisingly well in terms of
error rate, and is much more stable to varying values of rg. Similar results were observed

on comparison with other 2D and 3D curves from [67].

Surfaces

The accuracy of the adaptive PCA algorithm for surface normal estimation was tested
using data from an open space natural environment containing a 1.5 m high pile of gravel
surrounded by short cut and non cut grass. We collected high resolution, high density
data with the Zoller+Frohlich (Z+F) laser and also collected low-resolution aerial data for
the same scene with the CMU autonomous helicopter [63, 80]. The two data sets were
co-registered. The Z+F data was used to produce the ground truth used to estimate the
normal reconstruction error in the aerial data.

Figure shows the results obtained. Figure (a) shows the computed normals
and the support regions for selected points in the aerial data. Figure m—(b) shows the
normal and support regions for the same points but overlaid on top of the high-resolution
ground data. Points in Figure m(a) are color-coded by the difference between the error
in estimated normals and the lowest possible error obtainable for any choice of support
region in the aerial data. The algorithm was run on 6604 points and the median error was

only 3.74° with an interquartile range of 5.42°.



42 CHAPTER 2. LOCAL SEMI-PARAMETRIC ANALYSIS

% . 4 3 N
% 3 L. o |
o8 o ° &
. s
2 % o
H v s
1f o4 .
> 0.'!. }
SN .:
2 e :

-3 5 1
o §

-4 S Ve

P
-4 -2 0 2
¥ X
(a) 3D conical helix (b) 2D hypocycloid
Stability of Weighted polynomial fitting wrt I Stability of Weighted polynomial fitting wrt T

N
4l

L PN 1 16/ |—e =1

N
o

-
N
T

NoWw oW
a_ o a
T T T
2P
o N
T T

n
=]
T

average error (in degrees)
&
i

average error (in degrees)

=
o
T

o
T

0.05 0.1 0.15 0.2 0 0.02 0.04 0.06 0.08 0.1

o%

Sample noise (0) Sample noise (o)
(¢) Polynomial fitting - Helix (d) Polynomial fitting - Hypocycloid
Stability of Adaptive PCA wrt " Stability of Adaptive PCA wrt "
451 ——o= 1 16l ——Tp=1
a0F = 2| o= 2
350 —~"3 W—=ro=4

w
=]
T

101

NN
o a
T T

average error (in degrees)
&
d

average error (in degrees)

=
5]
T

0 0.05 0.1 0.15 0.2 0 0.02 04 0.0 0.08 0.1

Sample noise (o) ngnple noise ?a)
(e) Adaptive PCA - Helix (f) Adaptive PCA - Hypocycloid

Figure 2.12: Plot of observed error on (a) 3D conical helix and (b) 2D hypocycloid dataset.
The top row plots the true curves along with a typical example of points sampled from
them. The middle row (c-d) plots error obtained with the method of [67] and the bottom
row (e-f) plots error with the proposed scale-adaptive PCA. Error plots in the same column
have the same axis limits. The lower variation in the more stable PCA method as indicated
by its thinner shaded region can be clearly seen.
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Figure 2.13: Normal estimation from the Zoller+Frohlich (Z+F) laser dataset. (a) Esti-
mated surface normals and corresponding support region for selected points are overlaid on
top of the low-resolution data. Points are colored by the angular error (in degrees) of the
estimated normal. Error is computed using ground-truth obtained from a high-resolution
mesh (b) that also have the normals and support regions overlaid. (See text for details.)

2.6 Application: Improving descriptor repeatability

As mentioned in Section the construction of patch-based shape models requires the
selection of interest regions and the construction of reliable shape descriptors from points
observed in those regions. In Chapter [4] we will look at the first task of multi-scale interest
region detection. This section focuses on the challenges posed by the latter task of shape
descriptor construction.

The construction of reliable shape descriptors is challenging when given sparse data.
This is because the binning process used to construct shape descriptors, such as spin im-

ages [53], shows high variability with few data points and could possibly result in empty
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bins where no observations are made.

One way to circumvent this is to synthetically resample new points from the underlying
shape of the object. This can be done in our presented framework by simply randomly
generating points in the vicinity of observed points in the neighborhood of interest and
“denoising” them starting from their random initial positions, so that they lie on the surface
estimated at that point. Each randomly initialized 3D point is projected onto the plane
fitted to the local neighborhood of the point (Figure . The neighborhood size used for
estimating the plane parameters is allowed to adapt to the local surface in accordance with
the method proposed in Section [2.4] For brevity, we will refer to the spin image generated
using a combination of observed and synthetically sampled points as the synthesized spin
image.

We constructed an experiment to demonstrate the utility of this technique as follows.
We start with a high-resolution point cloud of car (which we will refer to as the model
cloud) containing about 16000 points, as well as 15 individual scans (referred to as test
clouds) of the same car from directions spanning 360°. The test and model clouds were
acquired using a SICK laser scanner. The scans were clutter free and the level of noise was
relatively low, the car having been scanned from a distance of only about 6m away from
the sensor. The resolution of the model cloud, measured in terms of the number of points,
varied between 10-15 times that of the test clouds.

Using this data, we perform the following experiment. We choose several points at
random from each test cloud and construct a spin image at each location for a pre-specified
support radius using the traditional binning approach as well as with the resynthesized
points. Spin images are also constructed for the corresponding points on the model cloud
for the same radius. The distances between corresponding pairs of spin images are computed

for both traditional and synthesized spin images using the Bhattacharya distance metric

dphatt(P, @) = 1= Y > /Dijdij, (2.48)
(]

where p;; and g;; represent the values of the (4, j)-th bin for the two spin image histograms
p and q.

The relative difference in the distances between the model and traditional spin image
and the model and synthesized spin image is taken to be the measure of improvement in
the spin image quality.

The experiment is repeated for a range of subsampled versions of the test cloud and the
parameter of subsampling rate was selected among 1 (no subsampling) 3, 5 and 10 (lowest
resolution). Other parameters that were varied are the spin image radius (0.5m or 1m) and
the number of spin image bins in the radial axis direction (5, 10 or 15). The number of

bins in the longitudinal axis (perpendicular to the surface) is set to be twice the number
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Figure 2.14: (a) View of an example full-resolution (1523 points) test cloud acquired by
scanning the front of a car. The red points denote the neighborhood considered for the spin
image computed at the point of interest which is located at the base of the black arrow. The
arrow indicates the locally computed surface normal. (b) shows the same local neighborhood
around the selected point along with estimated surface normal. The blue points are the
ones observed in the scan and the red points are synthesized. (c) shows the traditional spin
image generated at that point of interest using only the observed (blue) points, and (d)
shows the synthesized spin image generated using both observed and resampled points. (e)
shows what the spin image should look like based on a high-resolution model cloud of the
same car having about 10 times as many points as the test cloud. It may be observed that
since the test cloud has sufficiently high resolution with respect to the spin image bin size,
the traditional spin image in (c) is visually quite similar to the model spin image (e), and
so is the synthesized image (d).

of bins in the radial axis direction. Figures and show examples of the spin image
augmentation procedure on a test cloud and a severely subsampled version of the same scan
having only 1/150th the points of the model cloud.

Each experiment performed with a fixed set of parameters involved a comparison of 300
spin images. The number of points synthesized per spin image is fixed to 250. To obtain
the score for each setting of the parameters, 100 trials were performed and their results

averaged.
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Figure 2.15: (a) View of an example low-resolution (153 points) test cloud obtained by
subsampling the original scan from Figure (a). The red points denote the neighborhood
considered for the spin image computed at the point of interest which is located at the base
of the black arrow. The arrow indicates the locally computed surface normal. (b) shows the
same local neighborhood around the selected point along with estimated surface normal.
The blue points are the ones observed in the scan and the red points are synthesized. (c)
shows the traditional spin image generated at that point of interest using only the observed
(blue) points, and (d) shows the synthesized spin image generated using both observed and
resampled points. (e) shows what the spin image should look like based on a high-resolution
model cloud of the same car having about 10 times as many points as the test cloud. It
may be observed that since the test cloud has relatively low resolution with respect to the
spin image bin size, the traditional spin image in (c) is visually quite different from the
model spin image and contains several empty cells (e). In contrast, the synthesized image
(d) is visually more similar and smooth.

Figure [2.16] plots the relative difference in spin image distance from the model spin
image for varying subsampling rates and bin sizes. It may be seen that the synthesized spin
images show consistent improvement in fidelity of between 10% and 40% for moderate and
high number of histogram bins (10-15 bins per histogram axis), for a range of subsampled
versions of test data (subsampling ratio of 1—10). This conclusion remains unchanged with

increase in the radius of the neighborhood of points considered while constructing each spin
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Figure 2.16: Improvement in spin image for varying subsampling rates and number of spin
image bins for a fixed radius. The x-axis in each plot shows the subsampling rates tested
and the y-axis plots the relative decrease in spin image distance from the corresponding spin
image on the high-resolution model cloud. The first column shows the result with number
of bins = 10 and the second column shows the result with number of bins = 15. The top
and bottom rows show results for a spin image support radius of 0.5m and 1m respectively.

image.
Thus, this experiment demonstrates the utility of using a point synthesis procedure
in conjunction with the proposed regression method for improving the repeatability of

computed spin image shape descriptors.

2.7 Discussion

As elaborated in Section the problem of fitting lines or surfaces to unorganized point
clouds is one that does not fit easily into the realm of classical statistical methods. Fur-
thermore, in trying to make formal guarantees in the accuracy of traditional methods, one

is forced to make do with asymptotic guarantees which do not necessarily translate to real
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world performance. What this work shows is that it is possible to relate surface (or curve)
geometry to finite-sample accuracy of a statistical estimator, and exploit the available free
parameter of support radius to minimize this estimation error. Thus, with principled scale
selection, the error in tangent estimation using a simple estimator such as naive local PCA
can be made comparable, somewhat counter-intuitively, to the best fixed-scale alternative
based on local polynomial fitting.

Generalization: It is important to realize that the method of analysis proposed in this
work is not restricted to the PCA-based estimators presented in Section [2.3]and Section [2.4]
These particular choices were largely motivated by the need to study existing approaches
that are popularly used [48| [77, 81, [104], 127] for the same kinds of tasks. There is potential
for modifying other algorithms that may be recast as local model fitting methods so that
the chosen support radius is automatically adapted to the fitted surface. Indeed, when the
local model equation f(x?;0) is the bilinear form v(x?)"8 of (2.3), the equivalent model
parameter estimation problem will take the form of an eigenvector problem, and the matrix
perturbation results of this chapter will be applicable.

It is also not unreasonable to expect that some of these alternatives may have better
numerical accuracy and stability than the algorithms presented in this chapter. For instance,
by choosing a vector map v(x) with 2"? order moments, we can fit a local quadric instead
of a local plane for the surface fitting problem in Section [2.4 By using quadrics, we can
eliminate the need for a separate procedure to estimate the mean curvature x and explicitly
reparameterize x as a function of only the coefficients of the fitted surface.

The same theoretical analysis can also be performed for the more robust variant of
weighted PCA for some fixed family of weighting functions (e.g. Gaussian). This would
potentially make the proposed algorithm more robust overall to outliers as well as to poor
graph construction.

Dynamic updates: In applications involving mobile sensors, it is not uncommon to
visit areas more than once and make multiple observations of a scene. Thus, an interesting
question to ask is whether the proposed algorithm is amenable to dynamic point addition.

There are two components of the proposed approach that are affected by the addition
of points. The first component is that of computing (and minimizing) the error bound to
select the neighborhood radius, and the corresponding estimation of the model parameters.
The complexity of computation of the bound is unchanged, as only the parameter n changes
in the expression with each point insertion. Also, for the fitting problems considered in this
thesis, the bilinear form of the locally fit implicit function ensures that the model fitting
problem is cast as an eigenvector problem. In the case of fitting planes and curves, direct
computation of the modified eigenvectors is inexpensive since the matrix size is small (3 x 3).
When the model has a higher number of parameters (say 0 is an m-vector), this computation

may be expensive to perform for each added point as the size of M,, will grow to m X m.
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Fortunately, methods for compute principal and minimal eigenvectors in this scenario are
well studied, more recently by the name of incremental PCA [22] [42] [69]. However, this
increased speed will necessarily come at the cost of increase in memory consumption as
one would need to store the scatter matrix associated with each point at which the model
parameters are to be re-estimated.

The second component in the proposed algorithm to consider is that of the graph used
to compute geodesic distances (approximated as path distances). The ability to modify the
graph to accommodate additional points naturally depends on the manner of construction.
The question of how quickly this can be done when the graph construction is based on
DMSTs is currently an open problem. However, one may expect that its answer will depend
on how quickly each minimum spanning tree formed in the original can be adjusted to
accommodate new points. While efficient algorithms to handle point and edge insertions in
MSTs exist for the restricted case of points in a plane, efficient algorithms for this in higher
dimensions are a subject of study in computation geometry[36, [37]. A practical trade-off
may be to use approximate k-nearest neighbor graphs in which point insertions are handled
by connecting each newly added point its k-nearest neighbors. However, there is a need
to investigate the possibility of using dynamic MST algorithms for graph construction, as
well as of using dynamic Dijkstra-like algorithms for efficient neighborhood search without
having to recompute distance matrices for the entire set of points.

Alternatives using global fitting: One of the premises of this chapter was that the
fitting of implicit functions to model the entire dataset may not be feasible, either due to
the complexity of the scene or the potentially large number of model parameters that would
be required. We briefly discuss some recent efforts at overcoming these challenges.

In the machine learning literature, there has been renewed interest in the use of max-
margin methods as well as Gaussian Processes (GP) for solving non-linear non-parametric
regression problems [73] 90} [115]. Work in [I14] presented an approach to algebraic curve
fitting using a support vector formulation, that fit a global implicit function whose zero-
level set contained a specific set of data points. The problem is formulated in a manner
nearly identical to classical hard-margin linear SVM classification, with the penalty function
proportional to the value of the implicit function evaluated at the specified set of input
points. To avoid a degenerate solution, a set of off-manifold points are also specified and
associated with labels +1 and —1 to depending on whether they are interior or exterior to
the surface of interest. The authors of [114] also proposed a modified rational polynomial
kernel function as being more suitable for the geometric fitting problem. More recently,
work in [92] demonstrated how algorithms based on GPs can be implemented efficiently
and scaled to large datasets, and showed an application to surface reconstruction.

The chief advantage of this class of approaches is that they are unaffected by variation

in the distribution of points. Because there is no need to construct elaborate graphs to
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compute distances between points, these methods are also elegant in their execution.
However, these methods come with certain disadvantages as well. It is currently unclear
how to incorporate the knowledge of noise level in the reconstruction. In SVM-based meth-
ods, there is the common question of how to select the value of the so-called c-parameter
that controls the tradeoff between the quality of the fit to the data and the regulariza-
tion. Incorrectly set values can lead sometimes to topologically unstable solutions and to
the reconstruction qualitatively appearing over-smoothed [114]. In the case of GP-based
methods [92], the constraints on the off-manifold points are currently given by specifying
not just the locations of the points but also the function values at those points. This is
currently done by computing the normal at the points and projecting along it, which is
error prone. More generally, it is unclear how the specification of these locations and values
at off-manifold points affects the accuracy of the reconstruction. While we are currently
unaware of an instance of this class of approaches that addresses all these concerns, it is

certainly an area that deserves further study.



CHAPTER

Constrained Local Regression

The previous chapter showed how the problem of fitting smooth manifolds to point clouds
can be analyzed in the framework of traditional regression to yield useful guarantees on
accuracy. The goal of this chapter is to overcome the limitation posed by one specific
assumption of the previous method — that of the underlying curves or surfaces being smooth.

We show that the fitting of sharp geometric features such as intersections of curves or
surfaces from irregular point samples can similarly be cast as a non-parametric regression
problem. As before, the proposed method does not assume prior availability of connectivity

information, and avoids computing surface normals or meshes at intermediate steps.

3.1 Motivation

One assumption made by the method proposed in Chapter [2| or in fact any traditional
regression algorithm, is that the curves (or surfaces) being estimated vary smoothly. This
assumption can pose challenges in several domains, particularly those involving man-made
objects, where the underlying geometry consists of surfaces that are only piece-wise smooth.
Such objects possess sharp features such as corners and edges which are created when
these smooth surfaces intersect. The reconstruction of these sharp features is particularly
challenging as noise and sharp features are inherently ambiguous, and physical limitations
in scanner resolution prevent proper sampling of such high-frequency features.

Because of this limitation, current approaches to model fitting have evolved toward
treating sharp geometric features in a completely different manner from smooth surfaces.

Consider an example of two planar faces meeting at an edge, and that a set of points are
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sampled from this edge. As elaborated in Section [3.2] current approaches usually involve
explicitly recovering the parameters of each planar face as well as the association of each
point to one of the two faces. Techniques based on Expectation Maximization (EM) or
robust M-estimators tend to perform poorly when applied to a small number of points
simply because they require relatively accurate initialization.

The claim made in this chapter is that model fitting of sharp geometric features involving
the intersection of two planar faces (or lines in 2D) can be performed in the same traditional
regression framework as used for smooth surfaces in the previous chapter. The key idea
is that sharp geometric features can thought of as cases of “degenerate” smooth surfaces
having an associated subset of model parameters. The way we implement this idea is
by modeling a surface intersection as a degenerate higher-order polynomial, A degenerate
polynomial is defined as one that can be factored into the product of lower dimensional
polynomials, where each factor represents a low-dimensional linear subspace in the context
of this document.

Before proceeding further, we wish to briefly comment on some superficial similarities
between this key idea and some related work. The use of a high-order polynomial prod-
uct to represent a combination of (low-order polynomial) subspaces is not new. Work by
Taubin [105] fit complex 3D curves to data, and used a high-order polynomial to represent
the intersection of surfaces that formed the curve. It used an approximation to the dis-
tance function that reduced the fitting problem to an easily solvable generalized eigenvector
problem, but implicitly made the assumption of uniform noise covariance on the points.
More recently, Vidal et al. [I13] proposed the Generalized Principal Component Analysis
(GPCA) algorithm to model combinations of linear subspaces. In brief, the key differences
between the approach in chapter and GPCA are that our formulation allows noise models
to be easily incorporated, and that unlike the approach in [I13], there is no need to resort
to a separate estimation procedure to compute the parameters of the individual subspaces.
We will elaborate on these differences further at the end of Section after presenting the
solution to the proposed formulation.

Thus we propose to overcome the limitation of previous methods through the use of a
modified local regression technique that models sharp intersections as a degenerate higher-
order polynomial representing the implicit product of lower dimensional subspaces. The
geometric fitting of these sharp features may then be done by iteratively first solving a
generalized eigenvector problem to fit a smooth surface and then subjecting the solution
to some non-linear constraints required for the model parameters to represent a degenerate
surface. By using a local parameterization, the component of the model fitting problem
involving the generalized eigenvector solution may then be analyzed in the manner presented
in Chapter

Thus a high-level description of how to perform local semi-parametric analysis of points
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Figure 3.1: Example of denoising a toy dataset by global fitting of an implicit degenerate
polynomial (a) Input data consisting of points from two intersecting line segments corrupted
with uniform Gaussian noise of standard deviation o = 0.5 (b) Denoised data using an
implicit quadratic fit with the HEIV estimator [75]. Note that the sharp feature formed by
the intersection is not preserved. (c¢) Denoised output after imposing degeneracy constraints
on fit coefficients fixes this problem.

sampled from a sharp geometric feature would be as follows:

(i) Starting with a candidate neighborhood, find model parameters that fit a smooth
surface to the data points in that neighborhood.

(ii) Using a local parameterization of the smooth surface, find the neighborhood radius

that best minimizes the error bound in the estimate of those parameters.

(iii) Project the model parameters to satisfy the non-linear constraints characteristic of

degenerate surfaces.

(iv) Redefine the neighborhood size using the new estimate of radius, and repeat from

Step (i) till the model parameters converge.

This chapter focuses on steps (i) and (iii) of this process by modeling and solving
the regression problem associated with fitting sharp geometric features. In Appendix [B] we
briefly outline the theory of eigenvector perturbation relevant to the generalized eigenvector

problem that is solved in Step (i), and omit the derivation of the associated error bound.

3.2 Related Work

There have been several proposed approaches to recover geometry from noisy point samples,
many of which were outlined previously in Section In this section we highlight some of
the approaches while paying special attention to the way they handle intersecting surfaces,

as well as inspect some commonly made implicit assumptions about the sampled points.
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In general, past approaches have often made simplifying assumptions about the data
due to the ill-posed nature of the problem. Methods based on classical regression typically
assume that the geometry can be treated locally as a smooth surface, which is clearly a
problem at surface intersections. Most approaches assume the noise in the data to be
isotropic and homogeneous, perhaps because they often lead to convenient closed-form
analytical expressions. However, noise is almost always highly directional and dependent
on the distance of the point to the sensor. This is, for example, the case with laser range
scanners. Ignoring the anisotropy in the noise model typically results in a systematic
bias in the surface reconstruction [75]. Some methods assume the reliable availability of
additional information about the geometry, such as connectivity information (meshes) and
surfaces normals, and try to produce estimates of geometry that agree with this information.
However, the estimation of meshes is error-prone, and differential quantities like surface
normals and tangents are, of course, not even well-defined at intersections.

Surface estimation from noisy point samples may be posed naturally as an instance of
the local regression problem from classical statistics. A popular non-parametric technique
in this category is locally weighted regression, also known in its more general form as
Savitzky-Golay filtering [89]. As explained in [45], it adapts well to non-uniformly sampled
data and exhibits less bias at boundaries.

The moving least squares (MLS) technique [65] builds on this by first computing a locally
approximating hyperplane and then applying a locally weighted regression procedure to the
data projected to the hyperplane. The technique works well with noise but is unable to
reproduce sharp features due to its implicit assumption of a single locally smooth surface.

Fleishman et al. [97] fit quadratic polynomials locally to data and used standard tech-
niques from robust statistics in the fitting process. Using residual plots, points across an
intersection were identified and treated as outliers in this framework, and subsequent stages
of local classification and reprojection were required to obtain the final result. The tech-
nique relied on an initially finding low-noise local regions to obtain a reliable estimate of
the quadratic fit, which may not always be feasible.

Hoppe et al. [49] proposed a method based on associating tangent planes with each
point, and defining the distance of a point to the implicit surface as the orthogonal distance
to the tangent plane associated with the point closest to it. However, the unreliable initial
estimates of tangent planes due to noise and high-frequency features resulted in the final
models being oversmoothed.

Wang et al. [117] proposed a more complicated procedure involving a sequence of vox-
elization and gap-filling, topological thinning and mesh-generation. Based on local connec-
tivity, each voxel is classified as being at a junction, boundary and surface interior. The
procedure has several points of failure, particularly at regions that are not densely sampled

with respect to the voxel size.
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Hubeli et al. [51] proposed a multi-resolution processing scheme that preserved local
connectivity at junctions and boundaries, but required a mesh to make the initial classifi-
cation.

The method presented in this chapter combines the strengths of some of the previous
approaches. We modify a locally weighted smoother to implicitly represent potentially
multiple linear subspaces through a degenerate high-order polynomial. This allows us to
explicitly model edge intersections instead of trying to fit a highly non-smooth surface. The
use of a local smoother preserves the adaptability to varying sample density. By posing
the regression as a constrained energy minimization problem, we can easily incorporate
anisotropic error models in the data. We derive the algorithm in Section explain its
implementation in Section [3.5] and examine its behavior through several experiments in

Section [3.6]

3.3 Constrained Local Regression

In this section, we describe a modified regression algorithm that will enable us to recover
noise-free surfaces from noisy point cloud data, while preserving high-frequency geometric
features. We will first consider the case of 2D data to simplify the explanation of the main

idea.

Problem definition and approach

We assume that we are given a set of points {x;} € R? that are assumed to be noisy
observations of the positions of true points x{ € R? that lie on a locally continuous, but
not necessarily smooth surface. The associated noise covariances A; € Si at each point are
assumed to be known, for instance, through a noise model of the sensor used to acquire the
points. The points are assumed to be irregular, in the sense that they do not follow a known
regular sampling distribution, and wunstructured in the sense that the local connectivity of
the points, such as in the form of a mesh, is not available.

Our goal will be to compute an estimate X; of the true point position x{ corresponding
to each observed point x;. The operating assumption will be that points in a local neigh-
borhood, N (x;) of x; may be modeled as belonging to one or more linear subspaces. This
naturally suggests a maximum likelihood (or equivalently defined minimum energy) formu-
lation of the problem, subject to the constraint that the noise-free points lie on one or more
subspaces. Since the parameters of the models, number of models, as well as the association
of the points to each subspaces are unknown, a popular strategy is to attempt a procedure

of iterative model fitting and data association, such as Expectation-Maximization (EM).
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However, such iterative procedures tend to be error prone when performed with few and
noisy data points, as may be expected for our problem.

Instead, we propose to model the problem as one of maximum likelihood estimation
subject to two types of constraints. The first type of constraint ensures that each noise-free
point in the neighborhood of interest lies on a high-order polynomial whose degree is an up-
per bound on the number of subspaces in that neighborhood. The second type of constraint
is a function of the coefficients of the polynomial, which restricts the family of allowable
polynomials to degenerate forms that can represent combinations of linear subspaces. In
practice, we will sometimes relax the constraint of degeneracy to make the optimization
problem more tractable at the expense of admitting a single non-linear manifold but re-

strict them to locally developable surfaces.

Constraints in the 2D case

In the case of 2D data, each local neighborhood can be modeled as as consisting of a pair
of linear subspaces. Thus, locally the shape may be described implicitly as a zero-level set
of the equation (yix + d1)(yax + d2) = 0, where v; € R?, d; € R are the parameters for
each of the two linear subspaces (lines in the case of 2D data). Note that this subsumes the
case where the subspaces coincide. Expanding out the terms yields an inhomogeneous 2"4
degree polynomial in 2 variables, which we will refer to as « and y corresponding to each
spatial dimension.
Let us denote the coefficients of each monomial in the polynomial as given by the
expression
012% + Oay® 4 O3y + a2 + 05y + 0 = 0. (3.1)

This may be rewritten in matrix form as

X

2, 0 0,
[x 1] 0 205 65 ﬁ :[x 1]A —0. (3.2)
0, 05 205 U

It is a known result in algebraic geometry that a quadratic in two variables reduces to
a product of two linear factors only if A is singular [I3]. In fact, the case where A has only
rank one corresponds to the case where the subspaces (lines) coincide.

The determinant in this case may be written explicitly to yield the equality
46010906 + 030405 — (02075 + 0102 + 0603) = 0, (3.3)

which can be used to constrain the solution for the 6;’s. We will denote such constraints on

the coefficients of the polynomial as ¢(6) = 0.
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Constrained optimization

Together with the constraint on coefficients we can pose the task as a constrained optimiza-

tion problem defined at each point of interest x € {x;} given by

arg mln Zwl X; — X;) TA ( X; — X;), (3.4)

XZ,

subject to two sets of constraints:

(i) The first set of constraints is 07v(x;) = 0 Vi, where 8 € R™ is the vector of monomial
coefficients and v(x) : R — R™ is the mapping from the d-dimensional point to
the monomials formed by its coordinates. For the 2D case (d = 2), the number of

monomial terms m = 6.

(ii) The second set of constraints ¢(0) = 0 is that on the monomial coefficients, which is
(3-3) in the case of 2D data.

The weighting term w; is used to give more importance to points closer to the point
of interest x. We can define w; using a kernel loss function, such as a truncated Gaussian
function centered at x, so as to suitably delineate the neighborhood of interest A/(x). Our
implementation uses the Epanechnikov kernel w; = 1 — ||x — x;||?/0? for ||x — x;|| < o and
0 elsewhere, chosen because of its finite support and asymptotically optimal properties in
related tasks such as kernel regression [116]. Here o determines the length scale, which
may be chosen differently for each x. We comment on its selection later in Section
In what follows, we will sometimes drop the dependence on x in the notation for clarity,
with the understanding that the optimization problem is being solved for points in a local
neighborhood of each x € {x;}.

The standard approach to solving such a constrained optimization problem is by finding

the stationary points of the associated Lagrangian
)T o AT (o T
ZM x; — %) A (ki — %)+ > A0TV(R) + T (6), (3.5)

where {\;} and o are the Lagrange multipliers.

To proceed further, we linearize the equations around the current estimate of x;’s and
0. Let Ax; = X; — x; and AD = 89 — 0, where 8¢ is the current estimate of the true 8. To
reduce notational clutter, we denote Vv(x;) by Vv; and V$(0) by Vdo. This yields the

equation
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Y wiAxTATIAX + ) N (8 v(xi) + v(x:)TAB + 87 VviAX;)
i i (3.6)
+oT (d(09) + VoAB) = 0.

Taking derivatives with respect to A8, Ax; and the Lagrange multipliers yields the

system of equations:

wiki TPAX; + \OF Vv, =0 D AVT(xi) + o« Vo =0 (3.7)

1

05 v(x;) + v(x;)TAB + 0 Vv;Ax; = 0 &(00) + VdoAB = 0. (3.8)

The solution to the above set of equations can be written as

AB = —§(80)(VP§ Vo) ' Vepy (3.9)
A = wi (05 VVIAVvi0o) v(x;)T (8 + AB) (3.10)
Ax; = — LA Vvi00A = —A;VviBo (07 Vv A;Vvifo) ' v(x:) " (8 + AB). (3.11)

The above solutions to the linearized constrained optimization problem suggests an
iterative gradient-descent algorithm in which a candidate initial value of 8¢ is computed
and the values of 8 and the X;’s are progressively modified until the constraints are satisfied.

The initial value of 8¢ may be chosen as the result of an unconstrained optimization using
the Fundamental Numerical Scheme (FNS) algorithm [27] or the related Heteroscedastic
Errors in Variables (HEIV) method [75] based on solving a generalized eigenvalue problem.
We detail the derivation of this initialization procedure in Section

Constraints in the 3D case

In the case of 3D data, we consider the choice of model corresponding to an upper bound
of 2 linear subspaces (planes) in each local neighborhood under consideration. This may
be described formally as a zero-level set of the equation (yTx + d1)(y3x + d2) = 0, where
x € R? and y; € R3, d; € R are the parameters for each of the two planes. Note that this
again subsumes the case where the subspaces coincide. Expanding out the terms yields an

inhomogeneous 24

degree polynomial in 3 variables (denoted x, y and z).
Let us denote the coefficients of each monomial in the polynomial as given by the

expression

0122 + O2y® + 032° + Oswy + O5y2z + Oz + 077 + Oy + g2 + 19 = 0. (3.12)
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TLS level sets HEIV level sets Rank-2 projection

(b) — () — (d)

Figure 3.2: Illustration of sequence of optimization steps in an example of global fitting of
(a) noisy observations of points lying on two planes. Level-set surfaces are shown at values
0 (green), 0.15 (red) and —0.15 (blue), and are drawn for parameters estimated with (b)
TLS, which are used to initialize solution to the (¢) HEIV estimate, which when subject to
degeneracy constraints yields the best fit at the intersection of the planes as shown in (d).

This may be rewritten in matrix form as

201 64 O¢ O

[x 1] b1 202 65 O ﬁ:[x 1]A —0. (3.13)

s 65 205 by
0; 0 6y 204

Following the argument in Section it is easy to see that matrix A must be of rank 2
for the associated quadric surface to represent a pair of planes. This is equivalent to the
constraints that the determinant of A as well as each of its 3 x 3 minors are zero. We have
observed it sufficient to relax the constraints on the minors and retain the constraints only

on the principal minor formed by the degree 2 coefficients, as

200 04 0Og
det(B) = det (94 292 95 =0. (314)
b 05 203

Geometrically, the use of this particular subset of constraints restricts the family of surfaces
represented by the polynomial coefficients to the family of parallel or intersecting planes,
and cylinders. Using the parameters estimated with this subset of constraints, we may then
construct the matrix A, find its rank-2 approximation using its SVD decomposition, and
recover the parameters of the degenerate polynomial from the rank-2 matrix.

Figure [3.2] illustrates the sequence of steps involved in estimating the polynomial coef-
ficients for a synthetic dataset consists of noisy points lying on two planes intersecting at

right angles. Level-set surfaces are displayed for the polynomial coefficients estimated at
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each step of fitting all the points. It can be seen that the TLS solution misfits the geometry,
the HEIV solution tends to oversmooth the intersection (as in Figure for 2D data) and

enforcing the degeneracy constraints recovers the true geometry in this example.

3.4 Unconstrained initialization

In this section, we outline the derivation of the parameter estimation procedure when the
parameters do not obey the degeneracy constraint equations ¢(0) = 0. We will restrict
our attention to the Heteroscedastic Errors in Variables (HEIV) estimator [75], following
a method of analysis similar to [27]. The parameters Opgry estimated as a result of this
procedure is used to initialize the algorithm derived in Section

As before, we are given a set of points {x;} € R? that are assumed to be noisy observa-
tions of the positions of true points x? € R? that lie on a smooth surface.

The points are assumed to line on a hyperplane defined by 0Tv(x;) = 0 Vi, where
0 € R™ is the vector of monomial coefficients and v(x) : R? — R™ is the mapping from the
d-dimensional point to the monomials formed by its coordinates. To condition the problem,
we will also enforce the unit norm constraint ||8| = 1 on the parameters. Our goal is to
obtain the maximum likelihood solution subject to the above two types of constraints.

Such problems are typically solved by finding the stationary point of the Lagrangian

1 1
arg {Xi}fg’i{lg\i}’a 5 ; wi(x; — %) TATH (% — %) + Z N0V (%) + ia(GTG —1). (3.15)

)

Taking the derivative with respect to X; gives
wiAi_l(Xi — )Ail) + )\Z‘VV()A(Z')TG =0. (3.16)

which may be manipulated to give

1

_1 1
= szz 2 (Xi — f(l) = —AiAZ-Q VVZTe

= w?(xi — }A{Z‘)T(Xi — f(,) = )\?GTVVZ‘AiVV?e (3_17)
N )\2 _ 'leQ(XZ - )A(Z)TA,L_I(XZ — )A(Z)
¢ GTVVZA1VVZTG

Also,

wi(xi - )A(Z) = —)\lAZVvZTG
= wiGTVvi (Xi — Xi) = )\ZGTVVZAZVV;FG

)\2—11}2 eTvvi(Xi—Xi) 2
L\ eTVvAVVEe )

(3.18)
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From ({3.17) and (3.18)

[GTVVZ‘ (Xi — Xi)P

i — %) AT (x — %) = : 1
(i = )T AT (= %) = Srgy R v Te (8.19)
Using the approximation that
v(x;) = v(x;) + Vvi(x; — x;
(x) 2 V() + Vil %) a0
= Vvi(x; — %),
we get
B 0Tv(x;)v(x;)TO
i — %) AT (xi — %) = e 3.21
Let us denote the terms A; and B; as
A; & wiv(xg)v(x;)" (3.22)
and B; £ Vv \;Vv;. (3.23)

Then the maximum likelihood solution for parameters 8 may be obtained by substituting
the likelihood function through (3.21)) through solving the system

. 0T A0

Taking the derivative with respect to 8 gives the condition

d 0TA0 ) _ 3 2 [(67B;0)0T A; — (67 4,0)07B;] (3.25)
de i 0T B, (67B;6)> Z Z l Z |

i

= 0'B; = 0. (3.26)

0T 4 oy (0T 4,0)
— 07B,0 (07B;0)2

i
Thus it can be seen that the parameters 0 obey the generalized eigenvector equation

given by

Ai 0T A,0
(Z GTBZ-6> 0= <Z ((eTBz-e))232‘> 0. (3.27)

This motivates the fixed-point iteration procedure given by:

S(0(k))0(k + 1) = \C(8(k))0(k + 1), (3.28)



62 CHAPTER 3. CONSTRAINED LOCAL REGRESSION

Algorithm 2 Denoise points by constrained local fitting
Data: Points X = {x;} € R? with noise covariance {A;}

1: for x € X do

2:  Compute weights w; = k(x — x;) where k is a loss function such as a Gaussian.

3:  Find the total least squares solution O1rg to the unconstrained fitting prob-
lem. The least square solution is simply equal to the minimal eigenvector of the
weighted covariance matrix formed by the v(x;)’s, i.e. the minimal eigenvector of
> wiv(x)v(x;)".

4:  Use O7rg to initialize the iterative solution to an unconstrained optimization
procedure [75]. The solution to the unconstrained problem Oygry can be obtained
through an fixed-point iteration procedure given by .

5. Iteratively enforce the degeneracy constraint (3.3) using equations (3.9)) (or (3.14)
in the case of 3D) along with the unit norm constraint ||8]| = 1 and initializing with

Ouprv.
6:  Compute the new estimate of denoised point locations {X;} using (3.11).
7: end for

where \; is the smallest generalized eigenvalue, and S and C are given by:

c(8) = ZBZ-(:TB%, (3.29)

A;
5(0) = Z 0T B,0

with 4; = w;v(x;)v(x;)" and B; = Vv]A;Vv;

A few observations are worth noting. First, our formulation is based on maximum like-
lihood and so easily allows the incorporation of knowledge of heteroscedastic noise models
of the points. In contrast, GPCA does not consider noise in the points and are hence sus-
ceptible to instability in coefficients estimated the polynomial fitting. Second, unlike [113],
there is no need to estimate the individual subspaces or the association of each point to
the subspaces. Hence, in that respect, this treatment of denoising a sharp intersection is
no different procedurally than from a smooth parameterized surface. Lastly, our focus is
on local rather than global fitting of the data, since the data in our application cannot

necessary be described globally by linear subspaces.

3.5 Algorithm and Implementation

From the solution of the constrained optimization problem in the previous section, we
may construct our denoising procedure as given in Algorithm[2] We draw attention to some
details that influence the performance of the proposed method.

Support radius: The choice of support radius used to compute the weights w; in the

kernel function influences the algorithm in two ways:



3.5. ALGORITHM AND IMPLEMENTATION 63

(i) First, the proposed method assumes an upper bound of 2 subspaces in the volume
of interest, which need not be the case for every choice of support size. The chosen

support radius must be one for which the modeling assumption is valid.

We propose to treat the first problem as one of model selection — specifically of choosing
between fitting an edge or a smooth surface to the points. This is done easily within
the procedure of Algorithm as follows. At the end of STEP 4, we compute the
denoised locations )E’i using and 0 = Opgrv, and we store them. Then, at the
end of STEP 6, we compare the likelihood computed using with both the point
locations x/; from the HEIV estimate, as well as with those with the degenerate model
parameters. If the likelihood of the latter is less than the former, we do not update

the HEIV estimate before proceeding to the next iteration.

(ii) Secondly, even when the assumption of number of subspaces is valid, there is a tradeoff
between choosing too small a radius, risking poor estimates due to the fewer number
of points, or too large a radius, risking the unfavorable influence of points that do not

belong to the local model.

This problem may be solved using the technique of local semi-parametric analysis from
the previous chapter. The local parameterization is given by the geometry model of
which was used in Section for surface fitting. The only remaining point of
difference between the previous chapter and this one, is in the equation for matrix
perturbation bounds. Because this chapter addresses heteroscedastic noise, the re-
sulting formulation requires the solution of a generalized eigenvector problem unlike
the ordinary eigenvector problem of the last chapter. Appendix [B|briefly outlines the

theory of eigenvector perturbation relevant to the generalized eigenvector problem.

In the results presented in this chapter, we intentionally choose the heuristic strategy
of choosing the support radius that gives the best fit, in a maximum likelihood sense,
to the corresponding neighborhood of the interest point, excluding the point itself to
prevent the trivial solution of zero radius. This is done to allow a fairer comparison
between the proposed method and other methods such as radial basis functions, such as
shown in Figure[3.4] In practice, we have observed that when the number of manifolds
is under- or over-estimated, this strategy desirably tends to reduce the support radius

and choose a one-manifold solution when enforcing the degeneracy constraint.

Robustness: The use of weights w; also suggests the use of robust statistics to identify
outliers to the model [97]. One strategy to identify points that have a large influence on
the estimated model parameters, such as using eigenvector perturbation bounds [110] for

the generalized eigenvalue problem ([3.28)) or using influence functions. In our experiments,



64

CHAPTER 3. CONSTRAINED LOCAL REGRESSION

Denoised points using unconstrained estimate

Denoised points from constrained estimate

o Y . v T 6 O e @ Beooem <
6 te 1 et g o 6 P Y e ST e X
e g » * L o .
58 e 58 3 . 5.8 » E ¢
; [ ; o o .
56 56 N s H .
R . » . . i
5.4 .. . 5.4 o 3 A Sar L8 * :
52 - 52 .- Lt e 52~ .
e . “eus . o . ®
5 ROMERY FOC 5 [ -} te - st T .- Moo .
o M e . .
48 b o 48 - . 48 J s
. 0 4
46 . 46 . L
. % . 46|
4.4 K ' . 44 . 5 . a4k N ¢ >
< .. L3 < . c e 14
42 s 42 ? 3 1
s . o . 421 B
. . 2. > o . Y o K N .
4 LPCIA I} - 4 :, LI & 4 . o F. | - e ./
4 45 5 55 6 4 45 5 55 6 4 45 5 55 6
(a) (b) (c)

Figure 3.3: Example of denoising a toy dataset by local fitting of an implicit degenerate
polynomial (a) Input data consisting of points from six line segments corrupted with spher-
ical Gaussian noise of standard deviation ¢ = 0.5 (b) (b) Denoised data using an implicit
quadratic fit with the HEIV estimator [75]. (c¢) Denoised output after imposing degeneracy
constraints on coefficients.
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Figure 3.4: Example of denoising samples from a triangular wave function (a) Input data
corrupted with spherical Gaussian noise of standard deviation o = 0.5 (b) Denoised data
using radial basis function based smoother with Gaussian kernel. (c) Denoised output after
local degenerate polynomial fitting.

we use a simple greedy strategy of evaluating leave-one-out fitting score and ignoring the

point as an outlier if it is not a good fit with its neighbors.

3.6 Experiments

Evaluation

We performed a series of controlled experiments of synthetic data in known configurations
to evaluate the behavior of the denoising algorithm. Figure [3.3] shows an example where
an Epanechnikov loss function with bandwidth 0.3 was used to denoise a 2x2 square grid

pattern of points. The use of a constraint enforcing degeneracy in the polynomial can be
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Input data with Gaussian noise (G = 0.05) Distance error Normal angle error (degrees)

ok “

Figure 3.5: Example of denoising samples from 3 faces of a regular cube (a) Input data
corrupted with uniform noise of standard deviation o = 0.02. Denoised points are shown
with patches color coded by (b) distance error and (c) surface normal angle error.

seen to preserve the intersections better than using an HEIV smoother.

Figure [3.4] compares the proposed fitting procedure with a standard interpolation algo-
rithm based on radial basis functions (RBF). The RBF algorithm has two parameters [120].
The first controls the width of the Gaussian kernel which influences the locality of the
smoothing. The other controls the tolerance to fitting error, i.e. a value of zero would lead
to interpolation between the points, while higher values allow greater fitting error. The
parameters were tuned so that the results best matched the ground-truth in the sense of
least-square error. It can be seen that the proposed algorithm does a better job of pre-
serving sharp changes in the function and is more stable at the boundary, while the RBF
function tends smooths over the high curvature regions.

In Figure we test the proposed algorithm on 300 noisy 3D samples (spherical Gaus-
sian with standard deviation 0.05) from 3 faces of a unit cube, and compared it against
using the HEIV estimator from [75]. The use of the proposed estimator reduced the min-
imum error in normal angle over the dataset from 0.67° to 0.46° and the median distance

of the points to their corresponding planes from 0.012 to 0.009 units.

3.7 Concluding remarks

To conclude this part of the document, we summarize the claims implied by the results in

the preceding chapters as follows:

(i) Many useful tasks in point cloud processing, such as surface reconstruction and noise
removal, involve reasoning about unknown underlying shape and can be posed as
problems of local geometric fitting. The problem of local geometric fitting of smooth

surfaces in turn may be converted into the form of a statistical inference problem
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through use of a local shape parameterization combined with a semi-parametric point

cloud distribution model.

(ii) Sharp geometric features, such as surface edges or intersections of curves, may be
modeled as degenerate parameterizations of smooth surfaces. One significant advan-
tage of this strategy is the ability to model non-manifold regions where differential
analysis is not normally possible, and do this without actually having to estimate the

parameters of the component manifolds.

(iii) The introduction of a semi-parametric distribution model allows one to perform asymp-
totic analysis of the estimator and so determine whether the computed model param-
eters converge to their true quantities for increasing number of data samples. In
addition, through perturbation analysis around the asymptotic estimate, one can also

obtain error bounds on the value of the estimate that are valid for finite samples.

(iv) By expressing the error bounds in terms of the local analytical scale, it is possible
effectively adapt the support radius in local fitting to the unknown underlying geome-
try, noise level and sample density. This thus provides a solution to the scale-selection

problem that is ubiquitous in regression

The next part of the document will look at a problem that is complementary to geometric
fitting - that of analyzing shape from unorganized point samples to detect interest regions
at multiple scales. This will allow us to build region-based shape models in a manner that

is robust to changes in the way the points are sampled from the shape.
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CHAPTER

Multi-scale Signal Representation

Many approaches to solving vision problems such as registration and object detection, both
in the 2D and 3D domains, work with compact intermediate representations of the input
data. In the 2D image domain, it is common practice [72] to start by automatically finding
a set of distinguished points and associated neighborhoods in the image, following which
descriptors are computed in each region. This strategy of using local patches has proven
to be well-suited to take on the practical challenges of occlusion, clutter and intra-class
variation. The success of these local representations in image processing has been driven in
large part by developments in building multi-scale representations of images [70] popularized
by their more recent application to finding scale-invariant interest regions [72, [79].

When the input is geometric data in the form of an unorganized 3D point cloud, the
analogous interest region detection methods currently in use seem almost primitive, if not
relatively unprincipled in comparison. For problems such as object recognition and scan
registration, current practice [40, [76] is to compute a descriptor either exhaustively at each
point or at randomly or uniformly distributed locations in the point cloud. Furthermore, the
descriptor is computed over a support radius that is usually preset to one or more values
based largely on intuition, instead of being guided by the available data. This heuristic
selection process is followed irrespective of the choice of descriptor, whether it be the spin
image [53], 3D shape context [15], harmonic shape contexts [40l [57] or something else. To
compensate for the increase in redundancy that this process introduces, some practitioners
opt to perform a post-processing step of clustering the descriptors [76] and reducing the
selection to only the cluster centers.

Why is there such a huge difference between approaches for processing 2D images and
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Figure 4.1: Random selection of locations for computing shape descriptors can miss geo-
metric structures whose spatial extent are not comparable to the preset choice of support
radius. Exhaustive selection strategies introduce redundancy in areas with little shape vari-
ation. A data-driven approach can judiciously choose both locations and associated support

radius if guided by local shape.

3D point clouds?
The main reason for this inconsistency is that while a rigorous theory of scale selection

exists for images [52] [70], a direct equivalent does not really exist for unorganized point
clouds. Scale theory for images has focused largely on analyzing functions observed on a
regular 2D (or even n-D) lattice. However point clouds lack any organized lattice structure.
Unlike image intensity, the observed geometry “signal” in point clouds is implicit and is
represented only through the spatial arrangement of the observed locations. Thus the
applicability of traditional scale theory for images to discrete point cloud data is unclear.

This chapter addresses the above inconsistency through two contributions. First, we
derive multi-scale filtering operator for point clouds that captures variation in shape at a
point relative to its neighborhood, working analogously to the Laplacian filter in 2D images,
but while enjoying the property of being invariant to changes in sampling density around
that point.

Second, we show how this filter may be used in an algorithm for interest region detection
working directly in the input point cloud domain and without relying on polygonal meshes
or accurate surface normals. We wish to emphasize that our goal is not to develop a new 3D

shape descriptor, but to provide a principled way of repeatably selecting regions over which
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descriptors should be computed. By this, we enable a change in current practice from using
random locations and preset neighborhood sizes to using a completely data-driven strategy

that finds locations and their associated support radii automatically.

4.1 Related work

To distinguish our proposed approach from other related methods, it is necessary to un-
derstand the exact nature in which other methods draw connections to scale-space axioms
from the 2D image domain. It is also useful to identify cases where these interpretations
are insufficient or even incorrect for point clouds. To do this, we begin by summarizing the
development of scale theory for images and mention its salient points.

Scale theory in 2D images. The beginning of scale theory in images is usually at-
tributed to Witkin [122], who proposed a scale space representation as a transformation of an
input signal f(x) : R? — R to a one-parameter family of signals f(x,t) : R{xR* — R, where
the non-negative ¢t denotes the scale parameter. Witkin obtained a Gaussian scale space rep-
resentation by convolving f(x) with Gaussians of increasing width as f(x,t) = f(x)*G(x,t)
where G(x,t) = (2rt?) /2 exp (—[1x[|?/2t*) and the asterisk denotes convolution.

Koenderink [61] pointed out the connection between Gaussian scale space and the dif-
fusion equation

af(x,t) Z@fx t)

ot Oxix; (4.1)

where A denotes the Laplacian operator. When subject to the initial condition f(x,0) =
f(x), the solution of can be shown to be Gaussian convolution with G as the unique
Green’s function for the above system.

Lindeberg [70] later showed that the amplitude of scale-normalized derivative operators
assumes a unique maximum for a value of ¢ proportional to the “wavelength” of the signal
at that point. This property provides a way to choose feature support regions in proportion
to this characteristic length of the signal.

Lowe [72] proposed to linearize the diffusion equation with a simple forward explicit

Euler scheme so that successive convolutions of the signal may be obtained as
f(x,t+0t) = f(x,t) + ItAf(x,1). (4.2)

Although the semi-group property of Gaussian convolution makes the above linearization
unnecessary, this forward scheme also implies that the scale-normalized Laplacian t>A f(x,t)
of the signal can be numerically approximated by taking the difference of two Gaussian

filtered signals with the Gaussians differing in scale by a constant factor.
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3D Mesh processing. Several methods have been proposed to extend the above
connection of 2D scale space with the diffusion equation to surfaces represented by a con-
nectivity mesh. Seminal work by Taubin [106] replaced the continuous Laplacian operator
A from the diffusion equation by its discrete counterpart, the graph Laplacian L,. For a
set of sample points {x;} forming vertices of a graph, the unnormalized graph Laplacian is

defined as the operator over a function f on the points as

Lof(xi) = > (f(xi) = f(x)))wij, (4.3)

J{i,J}EE

where the summation is over graph edges (4,7) in edge set E, and w;; are positive edge
weights.

By using the graph Laplacian L, and replacing the scalar image intensity function f(x)
in by the Euclidean coordinate vector x, one can progressively “smooth” the 3D points
by successive application of . Closely related work by Kobbelt [59] considered similar
discrete approximations of the Laplacian for the task of interpolatory mesh subdivision.

Two limitations of the above approaches are that (1) they are relatively slow due to
the restriction placed by the choice of discretization, and more importantly that (2) the
discretization that was employed assumes the presence of uniformly sampled data over the
surface, hence generating geometric smoothing artifacts when that assumption was violated.
Work by Desbrun et al. [30] attempted to correct these deficiencies by using a backward
Fuler discretization of the corresponding diffusion equation, and a modified curvature es-
timator to compensate for unequal mesh triangulation. The smoothing process was then
carried out using curvature-based flow, and gave good results even on non-uniformly sam-
pled datasets. However, the methods worked on the assumption that a connectivity mesh
was available to compute the required normalization factors, making them unsuitable for
unorganized data points.

Our main criticism of this line of work in mesh processing is that, by modifying the 3D
points directly, we believe it is trying to solve a different problem. Altering the extrinsic
geometry as part of a multi-scale representation is akin to changing not only the pixel values
but also the pixel coordinates in images, and incorrectly changes the observations. This
different problem of mesh simplification, while still useful for tasks like progressive rendering
and compression, is not directly applicable to multi-scale interest region detection.

On that note, many researchers have observed [30), 06, [106] that the resulting Gaussian
flow or mean curvature flow from alters the original geometry of the data in undesirable
ways through global volume change and fragmentation. Thus, using these “simplified”
meshes or point clouds as part of a larger system is not straightforward.

Other relevant work. Pauly et al. [87] measure a quantity termed surface variation,
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given by on(z) = Ao/(Ao + A1 + A2), where the \;’s are eigenvalues of the sample covari-
ance matrix computed in a local n-point neighborhood of sample point x. They propose
the natural scale at a point to be the neighborhood size for which the corresponding o,
achieves a local extremum. However the variation in o, is extremely noisy and heuristic
pre-smoothing procedures have to be applied in order to recover any trends in its variation.

Recent work [83], [84] presented a method to detect multi-scale corner and edge features
by constructing a global 2D parameterization of the data and filtering surface normals in the
2D space. The approach relies strongly on having a connectivity mesh to faithfully construct
the 2D parameterization, and also on the prior availability of good surface normals, as
does [68]. Also none of the above methods come with any guarantee that variability in the

distribution of the point samples will not affect the result of the proposed algorithm.

4.2 Multi-scale operators for point clouds

From the overview of related work in the previous section, we may conclude that dis-
cretization of the 2D diffusion equation is not the appropriate starting point for developing
scale-space analogies in unorganized point clouds. In this section we will pursue a differ-
ent line of reasoning to develop multi-scale operators while preserving the advantages of
working in the original input space and not relying on good initial estimates of surface
normals or meshes. We will build on these operators in Section to devise an algorithm
for estimating at each point a natural scale that is representative of its local shape. Results
using this algorithm are presented in Section followed by discussion of the approach in
Section 4.5

As was first reported by Weickert [119], Gaussian scale space theory was axiomatically
derived by Iijima [52] as far back as 1959. Iijima’s starting point [I19] was to define the
mathematical form of an integral operator that maps input functions to their one-parameter
multi-scale representations. We will follow this route by first defining the form of such an
operator for continuous surfaces, and then progressively modify the operator to satisfy the
various requirements of our problem domain. In particular, our focus will be on determining
not point locations but values defined on the points that will exhibit interesting properties

independent of the sampling distribution generating those points.

Case of 2D curves

We start by considering the integral operator A : R x Rt — R?, with d = 2 for the 2D

case. A is defined to have the form

A(a(s),t) :/F(;S(s,u,t)a(u)du (4.4)
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that operates on positions on a smooth 2D curve I" parameterized by distance as the function
a(s) : R — R2. Note that (i) the form of the transformation is linear, and (ii) the integration
is performed along the curve I and not in the Euclidean R? space. The implication of the
latter is that, by defining the operator in terms of intrinsic geometry, there is no reference
to an extrinsic coordinate system. Thus the operator is invariant to rigid transformations
in the 2D space.

For the operator to be translation invariant in the 1D intrinsic system, the kernel ¢
must be representable in the form ¢(s — u,t). We fix the kernel to be a Gaussian

S—Uu 2
6(s,u,t) = (2712)"2 exp <—(2t2)> , (4.5)

so that ffooo o(s,u,t)du = 1.
How does the above operator relate to the geometry of the curve? To answer this, let us
fix a local coordinate system at a point x = «(0), for convenience, and examine the effect

of the operator at the point. By Taylor expansion of «(u) around u = 0,
a(u) = x + ua(0) + “2—264(0) +...,

we can derive

00 1 .2

A(x,t):/ (2nt?) "2 2% a(u)du
1 [ u2

~x + (2rt?) 72 / “7267272()2(0)du (4.6)

= x + @(0)L = a(0) + rxnxt .

Hence the effect of the operator is to displace the point x in direction of the normal ny

to the curve, and in proportion to its curvature ky .

Extension to 3D surfaces

Using the previous result, it is straightforward to extend the operator from to the case
of a surface in 3D. Consider now the neighborhood around the origin x on a surface M
having normal direction ny. There then exists a family of planes II, that all contain ny
and whose normals lie in the tangent space of x at angle ¢ to some reference tangent. The
intersection of each plane II, with the surface M is a normal curve I, parameterized by
the function a,(0).

Using the fact that the normal to each curve a,(0) at x is ny, we can deduce for each
normal curve that

A(x,t) = Ao (0),t) = x + wanxg ,
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where ry , is the normal curvature associated with tangent direction ¢. we can average

over all tangent vector directions ¢ to get
A(x,t) ~x + % / /@winthdcp = x + Hnyt? | (4.7)

where H is the mean curvature at the origin.!
Any two orthogonal tangent directions at angles ¢ and ¢ + 7/2 may be used to form

a local coordinate system at x. Using the property of mean curvature on surfaces H =
(kg + Kpgr/2)/2 gives

2

t 2

A(x,t) = x+ |d,(0) + dwﬁ(

where Ly is the Laplace-Beltrami (LB) operator [28, 03]. The LB operator is the
natural analogue of the Laplacian A from Euclidean space, but operates in an intrinsic
coordinate system defined on a manifold. The modified interpretation of the A operator is

that of displacing a point along its normal direction n in proportion to its mean curvature H.

Non-uniform sampling

So far, our continuous domain analysis was done under the assumption that the points on
the curve or surface were uniformly distributed. In reality, the nature of sensor geometry
induces a variation in sampling density that needs to be accounted for. Our method will
follow the same structure as Lafon’s [62] analysis of the discrete Laplacian operator, with the
important differences that our chosen operator A(«(s),t) integrates over the sub-manifold
instead of in Euclidean R? space, and is analyzed as specifically applied to the extrinsic
surface coordinate function «a(s).

We consider again from Section the case where points are sampled from the 2D
curve I' = a(s) but now follow an unknown but smooth probability distribution p(s). The
expected value of the operator A may then be obtained by integrating over the modified

measure u(s) = p(s)ds?, so that

A(a(0),£) = — /oo(zﬁ)—%e—z;a(u)p(u)du, (4.8)

where the normalization factor

2

d(0, 1) = /  ort?)Te 52 plu)du (4.9)

—0o0

Tt should be clear that mean curvature H varies with location x, and an explicit subscript is omitted
for clarity.
2 Another approach is to integrate over the modified volume element /detgds as done in Hein [46).
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ensures the effective kernel weights sum to 1.

Linearizing the now combined function a(s)p(s) as before yields

A(a(0).1) ~ [p(0) +50)2] " [p(0)a(0)
2 [p(0)a(0) +26(0)5(0) + a(0)5(0)] (1.10)

~ a(0) + 5(0) + 5757 [24(0)p(0) + a(0)5(0)|.

Comparing with , it can be seen that effect of the variation in sampling density p(s)
is felt through the additional last term in that corrupts the estimate of the curvature
vector. A similar expression may be obtained for surfaces.

Invariance to sampling distribution. Lafon [62], followed by Hein [46] and others
proposed to remove this additional term in integral operators through modification of the

kernel function ¢ through an estimate of the density p(s). In particular, consider

7 ¢(87 u, t)

Ps ) = pe(s)pe(u) (4.11)

where p;(s) is the kernel density estimate at s with kernel bandwidth ¢ as

pe(s) = /qﬁ(s,u,t)p(u)du. (4.12)

Note that the above continuous domain expression for p;(s) must be approximated in prac-
tice with finite samples as ), ¢(s,u;) where x; = a(u;). We now show that the above
modification of eliminates the dependence on the sampling distribution.

We know from linearizing p(u) around s that

_ (s—u)2

plo) = [ 2n)2e S pudu ~ plo) +(0)5-

Therefore

/oo ¢~>(s, u, t)a(u)p(u)du
1

_= 0o )2 B
~ (2mt?) 2 / o a(u) [1 B g(ug ﬁ] du (4.13)
2

Pe(s)
2 .. D(s
~ I%(S) [a(s) + Sa(s) — Q%

and the normalizing factor transforms to

d(s,t) = / B, u, Oplu)du ~ 5 [1 - H2 2] (4.14)
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Dividing (4.13) by (4.14)) gives

(4.15)

Thus the use of the density normalized kernel qg removes the dependence of the result
on variations in sampling density p(s). A similar result can be obtained for surfaces, with

the &(s) term replaced by the mean curvature normal Hny,.

4.3 A scale-selection algorithm

In order to try and define what a characteristic scale at a point may be, it is useful to recall
its analogy in 2D intensity images. A pixel location is considered salient or “interesting”
by virtue of the distinctiveness of its intensity relative to that of its neighboring pixels. A
change in the definition of this neighborhood can make the pixel seem less or more salient.
Thus a point in a periodic intensity pattern of monotone frequency is most distinctive
relative to a neighborhood of radius equal to its wavelength.

In our problem since the available information is of object shape, the distinctiveness
at a point may be captured through the wvariation in shape at that point relative to its
neighborhood. For example, on a perfect plane or sphere no point is salient with respect
to its neighbors as the local shape is identical for any choice of neighborhood. Consider
the addition of a small “bump” caused by perturbing the surface of a sphere. A point
on the bump is now salient due its increased shape variation with respect to the sphere.
However, relative to a neighborhood much larger than the spatial extent of the bump, the

perturbation is not significant.

Scale-space extrema

We propose to capture this locality in shape variation by inspecting the variation in fl(x, t)
as a function of the size of the neighborhood t used to estimate it. The relationship between
the fi(x, t) operator and the mean curvature suggests a way to do this, and also provides a
simple interpretation for the case of constant curvature surfaces.

We know from and the derivation in previous section with the density normalized
kernel that

|x — A(x,t)|| = HS \/nIne = HL (4.16)

or that the norm of the shift induced by the A operator is proportional to the mean curva-

ture.
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Consider the scalar function F' formed by exponential damping of the above expression

_ 2|x — A(x, t)|| e,zux—fti(x,t)n '

F(x,t) .

(4.17)

Differentiating (4.17]) with respect to the scale parameter ¢ and using (4.16) gives

aF((;t" B _ %(Hte_m) = He "' (1 - Ht),
which achieves a maximum at tyax = % for H #£ 0.

Thus the characteristic scale may be defined in the case of a perfect sphere or plane
simply as its radius of curvature, in direct analogy to the wavelength for monotone intensity
patterns in images. In the case where the shape is not of constant mean curvature, ty,ax
loses its simple interpretation, as is true of characteristic scale in images for non-monotone
frequencies [70]. In the previous example of the perturbation on a sphere, the local shape
at a point is a composition of two constant curvature surfaces, and there will exist two

characteristic scales reflecting the two components.

Implementation

Algorithm [3| outlines the procedure based on the extrema property of . The set of
scales {t;} were fixed as t}, = to(1.6)", where t( is a base scale. We draw attention to a few
implementation details below.

Graph construction. (Step [l) Since the integral operator A requires knowledge of
geodesic distances between each point pair, we require a way to compute them from the few
observed points. A common strategy is to construct a sparse Euclidean graph on the points
and approximate the geodesic distances by distance along the shortest path in the graph.
We choose to use disjoint minimum spanning trees (DMST) [24], although other valid
constructions include e-graphs and mutual k-nearest neighbor graphs. The construction
using DMST's has some desirable properties over traditional k-nearest neighbor or e-ball
schemes. In practice, it produces connected graphs without undesirable gaps and does not
induce edges to clump together in noisy regions having relatively higher point density.

Region extraction (Step for an extremum detected at scale t is currently done
by grouping together points that are within a graph distance proportional to t from the
extremum point. This is analogous to the use of a multiple of the scale o as the patch

radius in 2D images [79].
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Algorithm 3 Scale selection algorithm

Data: Points X = {x;} € R3 withi = 1...n, and a set of scales T' = {t;} to be considered.

1:

2:
3:
4:

10:

11:

Construct a graph G on the points from which approximate geodesic distances may
be computed as graph path distances. Distance dg(x;,x;) between any pair of points
X;,X; can be computed efficiently using Dijkstra’s algorithm.

for t € {t;} do
for x € {x;} do
Compute estimate of density
Pt(xi) = Z ¢(X’i7 X, t)v
J

2\—1 dZ (xi,%;)
where ¢(x;,%;,t) = (2mt*)” 2 exp <—T) .

Compute weights for each pair (7,7) as

O(xis X, 1) = ¢(xi, X, 1) / [pe(xi)pe(x)] -

Evaluate the operator A

Compute the invariant F'
F(xi,t) = 2||A(Xz'£t)—xiH exp (_2||A(Xi£t)_xi“> )

end for
Declare interest points to be those having extremum values of F(x;,t;) both in a
geodesic neighborhood of radius ¢ as well as over a range of scales (t5_1,tx+1).
Designate points in the geodesic tx-neighborhood of each interest point as forming
its interest region at that scale.

end for

4.4 Experiments

In this section we present supporting experimental results to demonstrate the utility of

the proposed method for detecting interest points at multiple scales. Some of the datasets

presented in this section were obtained from 3D models that were available in the form of

a triangulated connectivity mesh. We wish to emphasize here that the algorithm does not

have any knowledge of the mesh during runtime, and the role of the mesh is only to aid

visualization of the results.
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Figure 4.2: (left) Colorized plot showing variation of point density on the dragon model
colored in gray. (right) Rendering of the underlying mesh. Results in boxed regions are
analyzed in Figure

Qualitative behavior

To illustrate the behavior of the multi-scale operator, we focus on its application to a low-
resolution version of the ‘dragon’ model, originally from the Stanford Scanning Repository.
One important characteristic of this model is its complex shape with both finer spike-like
features on its limbs, tail and back, as well as coarser features such as the stubby feet
and tail. Figure shows the 5205 points on the model colorized by point density, and
illustrates the non-uniformity of the samples.

Figure shows the norm of the density normalized Laplacian |x; — A(x;,t)| for a
few choices of scale t. The corresponding values of F' are shown in Figure [£.4] and the
regions associated with their scale-space extrema are shown in Figure [4.5] For each scale-
space extremum in Figure the mesh faces formed by points belonging to its interest
region are given the same random color. Note that for the purpose of comparison with
Figures and [£.4] all the associated interest regions in Figure are shown without the
use of a threshold. A suitable choice of threshold may be used in practice to remove the
least salient detections.

For the smallest values of ¢ considered, the extrema correspond largely to noise due to
discretization. When the value of ¢ is increased, it can be seen (Figure that features
reflecting the geometry of the model become visible, such as the spikes on the feet and tail-
end, and the features on the claws and mouth are progressively detected as hoped. Figure[4.0]
shows zoomed views of some interesting parts of the model where complex shapes exist in
close proximity and are correctly detected at different scales. For example, the first row
shows the tail having fine short spikes at its edges that are detected for small values of t,
while the coarser overall club-like shape is detected at a larger scale.

Figure [4.7] shows the results from processing a sparse outdoor scan of vehicles in a
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Figure 4.3: Plot of norm of density-normalized Laplacian operator on the ‘dragon’ model
for increasing kernel widths. Plots use the ‘jet’ colormap. Note that knowledge of the
underlying mesh was not used in the computation.
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Figure 4.4: Plot of invariant F' for increasing kernel widths, corresponding to values in
Figure and colorized with the ‘jet’ colormap.
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Figure 4.5: Plot showing extrema and corresponding sizes for increasing kernel widths,
corresponding to F values in Figure [£.4] Each colored patch on the model corresponds
to the region associated with a extremum point detected at that scale. Yellow dots mark
extrema locations.
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parking lot. While the geometric interpretation of the results is not as vivid as the previous
example, the detected intermediate regions correctly segment points on the vehicle into
front and side components based on the difference in local curvature of those regions.
Figures and show results from processing aerial ladar scans of outdoor urban

environments with similar behavior.
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(c)
Figure 4.6: Interest regions detected in parts of the ‘dragon’ model from Figure[4.2rendered
in the column (a). Columns (b) and (c) show colored patches for each detected region
corresponding to finer and coarser shapes, respectively. Yellow dots mark extrema locations.
Figures are best seen in color.

Repeatability

To quantitatively measure the robustness of the algorithm to noisy data, we added Gaussian
random noise with multiple values of standard deviation o to points sampled with replace-
ment from the ‘bunny’ and ‘dragon’ models from the Stanford database and computed the
repeatability of the detections.

We define the overlap score between two interest regions as the ratio of the intersection
to the union of the two smallest 3D spheres containing the points corresponding to those
regions. Note that this metric for computing overlap is the direct 3D analog of the metric
that is well accepted as the benchmark for 2D interest region detection in images [79]. For
each detected interest region in the noise-free reference model, we assign its corresponding
region in the noisy, resampled test model as the region with which it has the maximum
overlap score. We then analyze the repeatability of the detection through computing the
average of the overlap score between corresponding regions.

Figure plots the average overlap of matched interest points for different noise levels
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Figure 4.7: Top figure plots points from a sparse 3D scan of vehicles in a parking lot.
Column (a) shows magnified view of the points on the two cars highlighted in the scene
outline. Columns (b) and (c) plot points colored by interest regions detected at different
scales for the input points in the corresponding row.

{o}. The x-axis is the scale level number k indexing {¢;}, the set of scales considered.

Two observations are noteworthy. First, as can be expected, the overall repeatability
score decreases with increasing noise level o. Second, the repeatability of finer scale features
(low scale level numbers) is consistently lower than that of coarser large-scale features.
This should also not be surprising, as noise in point positions is indistinguishable from
high-frequency shape details. Thus addition of Gaussian noise should adversely affect the
repeatability of a geometric feature whose spatial extent is comparable to the standard
deviation of the noise distribution.

When interpreting the repeatability score values, it should be noted that the overlap
metric is far more stringent when used with 3D points than with 2D images for two rea-
sons. First, due to the difference in dimensionality, an overlap score of 60%, for example,

corresponds to a difference in radius of only 15% for two 3D spheres centered at the exact
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Variation in overlap score with noise Variation in overlap score with noise
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Figure 4.8: Variation in average overlap score of matched interest regions for various scales
across increasing noise levels. Errorbars show upper and lower quartiles from 10 trials for
each standard deviation (o).

same location while it corresponds to as much as a 23% difference in circular patch radius
in 2D. It has been verified in the 2D image domain [79] that an overlap error of 50% can
be handled with a sufficiently robust descriptor. This is equivalent to an error of 65% in
3D, or an overlap score of just 35%. In addition, the ability to find extrema at precisely the
same locations in 3D point samples of the same shape is severely limited by several factors
such as point density and noise. Thus, for the 3D point cloud domain, a low repeatability
score is not as strong a negative indicator, when compared to 2D images, of the ability to
match descriptors computed for those regions.

Redundancy: One drawback of using fixed-scale quantities such as surface varia-
tion [87] to find interest regions is that, although the measure may correlate with change
in surface geometry, it is unclear how to relate the computed values across different neigh-
borhood sizes. Detectors based on these measures tend to select regions centered at the
same points for multiple scales. Thus, the naive approach of simply choosing every interest
region detected for a range of preset scales usually results in regions that have high degree
of overlap, and thus a high degree of redundancy in the representation.

We quantify the redundancy in a given set of detected multi-scale interest regions by
computing the average overlap between any pair of regions in the set. Overlap was computed
in the same manner as in the repeatability experiment, and the comparison was made
between a detector based on the surface variation score [87] (defined in Section and
our proposed invariant F'(x,t). A lower overlap score is an indicator of higher variation in
the detected interest regions and thus lower redundancy.

Using our proposed method, the redundancy score for the ‘dragon’ model reduced from
0.166 to 0.114, and reduced from 0.165 to 0.152 for the ‘bunny’ model, corresponding to
difference of 32% and 8% respectively. Although this difference is dataset-dependent, we
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have observed this lowering of redundancy score to be consistent across datasets and noise

levels. At the same time, our proposed method also gives a larger number of interest regions.

4.5 Discussion

This work presented a filtering operator that works directly in the input point cloud do-
main to generate multi-scale representations that reflect the underlying geometry of the
data. Our approach has deviated from traditional multi-scale analysis in that we construct
an operator A that does not have the property of being a semi-group by adopting the
density normalization of Section [£.2] The impact of this is largely reflected as increased
computational cost. However, it benefit is felt as the removal of dependence on the point
sample distribution. This invariance to point sample distribution is a fundamental require-
ment for analyzing shape from 3D point clouds, unlike the case of images, where the pixels
at which scene intensity is sampled always follow a regular lattice arrangement by design.

One drawback of not using a 2D parameterization in our approach is that it is unclear
how to detect oriented features such as corners and ridges. Thus it may be worthwhile
to introduce local 2D parameterization in conjunction with the scale-invariant operators
introduced here.

This approach also leaves open the possibility of richer classes of operators that could
be obtained by modifying the base function ¢ or using its higher order derivatives. A more
exhaustive characterization of the possible choices could lead to a useful larger family of

interest region detectors and deserves further study.
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(a) Aerial view of area of interest. Red points were classified as associated with
the ground plane and were not considered for interest region detection. Remaining
points are colored by elevation using the ‘jet’ colormap.

° %
(b) Detected interest regions for support radius (1.6)% = 2.56m

Figure 4.9: Interest region detection on the waterfront_1 dataset (136,400 points) collected
from an aerial scan
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(b) Detected interest regions for support radii of (1.6)® = 16.67m

Figure 4.9: (contd.) Interest region detection on the waterfront_1 dataset (136,400 points)
collected from an aerial scan.
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(a) Aerial view of area of interest. Red points were classified as associated with
the ground plane and were not considered for interest region detection. Remaining
points are colored by elevation using the ‘jet’ colormap.

(b) Detected interest regions for support radius (1.6)% = 2.56m

Figure 4.10: Interest region detection on the waterfront_2 dataset (214,473 points) collected
from an aerial scan.
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a) Detected interest regions for support radii of (1.6)* = 6.55m
(a) g

Figure 4.10: (contd.) Interest region detection on the waterfront_2 dataset (214,473 points)
collected from an aerial scan
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(a) Aerial view of area of interest. Red points were classified as associated with

the ground plane and were not considered for interest region detection. Remaining
points are colored by elevation using the ‘jet’ colormap.
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(b) Detected interest regions for support radius (1.6)% = 2.56m

Figure 4.11: Interest region detection on the forbes dataset (154,333 points) collected from
an aerial scan.
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a) Detected interest regions for support radii of (1.6)* = 6.55m
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Figure 4.11: (contd.) Interest region detection on the forbes dataset (154,333 points)

collected from an aerial scan






CHAPTER

Moving Forward

In this dissertation, we have presented some fundamental building blocks for processing
shape information represented as point clouds, and demonstrated their utility on shape
reconstruction and multi-scale analysis. We conclude with a discussion of some extensions
and improvements to the algorithms proposed in this thesis to serve as a potential starting

point for future work in this area.

5.1 Geometric graph construction

Many of the algorithms we have proposed can benefit from knowledge of geodesic distances
between points. We supply this information by constructing a neighborhood graph with
the vertices representing the observed points and weights on edges between points equal
to the Euclidean distances between points. The path distances on the graph between two
points is then taken to approximate geodesic distances.

A couple of observations are worth noting. First, we wish to emphasize that such a
graph construction is not unique to our work and it is shared by several other approaches
to surface reconstruction and multi-scale analysis [44], 49, 87, 112]. Graph construction is
also relevant for problems outside the realm of 3D geometry such as manifold learning [14,
94, 103, [126] and clustering [24, [38] which are fundamental problems in machine learning.
It is also relevant to image segmentation algorithms that rely on the construction of an
affinity matrix [98], as the non-zero entries of the matrix specify the topology of the graph
being considered.

Second, there is a strong distinction between constructing a geometric graph and a
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polygonal mesh, which is a representation we wished to avoid from the start. Polygonal
meshes require that each face formed by edge of the graph it represents form a piece-wise
approximation of the surface itself. Often, mesh construction algorithms are also required to
satisfy conditions such as upper bounds on the angle subtended by any vertex of a polygon,
small difference in edge lengths of any face, maximum edge length in a face, the degree of
any vertex etc. In contrast, the requirement of graph path distances approximating geodesic
distances is a far less stringent condition for graph construction.

However, at present, the construction of a neighborhood graph in a manner such that
graph distances best approximate geodesic distances in the presence of noisy data is an
open problem. In fact, despite its wide applicability, this problem appears to be relatively
unstudied.

In what follows, we review some approaches to graph construction commonly used in
the literature and survey the theoretical results known so far about them with respect to
graph distances.

e-ball graphs are formed by connecting any pair of points with an edge if the distance
between the points is less than epsilon. k-nearest neighbor (KINN) graphs are formed
by connecting every point x; with another point x; if x; is amongst the £ nearest neighbors
of x;. A symmetrized version of KNN graphs is obtained by changing the above condition
to connect every x; with x; if x; is among the k nearest neighbors of x; or if x; is among
the k nearest neighbors of x;.

e-ball graphs and KNN graphs constitute the most commonly used types of graphs in
the literature [14], [38], [44), [103], and have received the most study. In [I8], Bernstein et al.
proved the convergence of graph path distances in € and KNN graphs to geodesic distances
in the limit as the point density increased to infinity, on condition as the data points obeyed
some sampling conditions. They also have the advantage that they are relatively fast to
implement, thanks to the many data structures (KD-trees, cover trees, ball trees) available
for range interval queries, and Approximate Nearest Neighbor (ANN) [12] search methods
that give approximate nearest neighbor results in near-linear time.

However, both of these types of graph constructions suffer from the problem that they
strongly depend on data-dependent parameters. i.e. the automatic selection of € and k is
not straightforward. Furthermore, neither of them guarantees that the resulting graph will
be connected, and in practice they tend to form too many edges between points located in
regions of higher point density, as they place little restriction on the maximum number of
edges that at each point may participate in.

A different type of graph construction is based on minimum spanning trees (MST).
Work in [87] uses a greedy algorithm to construct a MST from points using a combination
of feature weights and Fuclidean distance to define the overall edge weights. Geometric

features such as edges or ridges then determined as subsets of this graph. MST graphs have



5.2. FAST FILTERING OPERATORS 95

the desirable property that they are guaranteed to be connected by construction. However,
they are sensitive to noise.

Work in [24] proposed two alternate graph constructions to try and combine multiple
MSTs in order to reduce their sensitivity to noise. The first construction termed perturbed
minimum spanning trees (PMST) are constructed by combining several, say ¢, MST's
each of which is fit to a perturbed version of the data. The perturbation is done by adding
a small amount of zero-mean noise to each data point independently. In other words, two
points are connected by an edge if they were connected by an edge in the MSTs constructed
for all the perturbed versions of the point set. This strategy discourages the addition of
edges that connect accidentally proximal points. The downside is in choosing an appropriate
noise model, and the number of MSTs to be combined.

The second construction termed disjoint minimal spanning tree (DMST) is con-
structed as an extension of Kruskal’s minimum spanning tree algorithm. A MST is first
constructed starting from a complete graph. The edges that form the MST are then re-
moved from the complete graph and the MST is constructed again from the reduced edge
set. This process is repeated ¢ times, where ¢t = 1 yields the original MST. Here the only
parameter to be chosen is ¢t unlike PMSTs which require an additional specification of the
noise model. In our experiments, we set to t = 2 for curves in 2D and ¢ = 4 for surfaces
in 3D. We have observed these parameter settings to suitable for all the datasets we tested
on, both synthetic data and well as data from outdoor settings.

The biggest drawback of DMSTSs is computational complexity, particularly that of com-
puting all pair-wise distances to construct each MST. In a plane, the Euclidean MST has
a nice property of being a strict subtree of the Delaunay triangulation of the points. This
reduces the computational complexity from O(n?) to O(nlogn) for n points. However, this
property does not hold in the 3D domain.

One possibility to reduce the computational complexity when combining MSTs may
be to impose a graph “prior” by starting with a reduced graph instead of the complete
graph. This could be done by building an e-graph or KNN graph for large € or k, although
at the risk of making poor irreversible commitments early on. Other possibilities include
greedily constructing a k-connected graph [125], or using a KNN in combination with a
MST to guarantee connectivity property, and other such variations. With several potential
applications of a scalable solution to the geometric graph construction problem, further

work in this area is certainly warranted.

5.2 Fast filtering operators

The multi-scale filtering operator proposed in Chapter [] has two kinds of computational

bottleneck. The first is that on normalizing the operator A by the point density it loses
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the property of being a semi-group. Thus unlike the Laplacian of Gaussian (LoG) operator
which may be approximated by a Difference of Gaussian (DoG) operator [72], we are not
aware of a convenient approximation for multi-scale operators in 3D.

The second bottleneck is the computation of the operator itself, which involves comput-

ing quantities of the form

= ,Xj,t)%x
A(y’t)zzz (gg( ])]7

yX77)

(5.1)

which requires O(n?) computation time in a naive implementation.

This cost is reduced considerably in practice by bounding the region of influence of
the unnormalized kernel ¢(y,x;,t) at the expense of a small loss in accuracy. Recall from
Algorithm 3| that the kernel ¢(y,x;,t) is computed as a function of the geodesic distance
between y and x;. Since, Euclidean distance is always less than or equal to the geodesic
distance, this truncation can be done by choosing only points x; that are at Euclidean
distance 3t or less from the point of interest y using an efficient data structure, such
as a KD-tree. However, the benefits of truncation reduce quickly for increasing value of
bandwidth parameter t.

Another approach for scaling the computation of fl(x, t) efficiently to very large datasets
may be through a category of techniques known as multipole methods, more commonly
known in the computer vision and machine learning literature by its variants the Fast Gauss
Transform [35] and the Improved Fast Gauss Transform [35, 01} [124]. These methods have
been successfully shown to reduce the computation of weighted sums of Gaussians at n
points from O(n?) to O(n) with bounded error.

The key idea is to factor the kernel ¢(y,x;,t) into a product of terms that depend only

ony and x; as
P
Oy x5, t) = D Uiy, )n(x;. 1) (5.2)
k=1

In the case where an exact factorization is not possible, an approximate expansion may be
carried out in a local neighborhood. Then quantities such as the numerator and denominator

of A may be computed separately as

Z&(Yuxjvt)zz Z wk Xj, )
J k=1

ij¢k(xj,t) (53)

M= = -
=

Ak (t)wk (Y7 t) .

b
Il
—
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If the Ay terms can be pre-computed in O(n), then the evaluation of the above expression
for all query points y = {x;} can also be done in O(n) time.

Previous work [35, O1] has shown how the kernel expansions of the form described
above may be performed exactly for polynomial kernels and approximately for Gaussian
kernels in Euclidean space. It will be interesting to study whether such a useful expansion
could be obtained for the Gaussian kernel in non-Euclidean (manifold) spaces as would be
appropriate to multi-scale operators for point clouds.

Yet another strategy that would complement the above approach would be to develop
a quadrature rule [16], [I7] for computing the integral operator so that a far fewer number

of points would need to be evaluated at the expense of a small loss in numerical accuracy.

5.3 Summary

In conclusion, we wish to emphasize that techniques to process geometric information in
the form of 3D point clouds are to undoubtedly become increasingly important as the
ability to acquire large amounts of detailed depth scans becomes more accessible. The work
presented in this thesis contributes some fundamental tools in geometry signal processing
for surface fitting, denoising and multi-scale representation. We hope that it will motivate
other researchers to develop a larger suite of mathematically sound tools to process 3D
data.

During the process of algorithm development, we benefitted greatly by starting from
the simplest instances of the geometry processing problems we cared about that exhibited
the same challenges of the harder more general problem. Although the problems seemed
misleadingly oversimplified at times, they were in fact valuable sources of intuition. This
method of analysis is also evident in the manner of explanation of the ideas presented in this
dissertation, where we frequently started with 2D problems and generalized their solution to
3D. We thus encourage other practitioners to follow a similar approach to problem analysis.

An underlying theme of this work has been the derivation of 3D point cloud operators
that possess the same kinds of formal guarantees on repeatability as the signal processing
techniques that are so common in the 2D image domain. Through the development of sound
3D point processing tools that have the same procedural functionality as current tools for
image processing, we are optimistic that an eventual alignment of image and geometry

processing algorithms for solving computer vision problems is near.






Appendices

99






APPENDIX

Derivation of Error Bounds

In this appendix we detail the derivation of the error bounds for curve fitting used in Chap-
ter 2l The purpose of this elaboration is two-fold. First, by breaking down the derivation
into problem-independent identities and their application using the curve geometry model
to obtain the more problem-specific end results, we wish to emphasize that the method
of analysis proposed in Chapter [2l may be generalized to other problems involving estima-
tion of geometry model parameters. Second, in the interest of keeping the document as
self-contained as possible, we wish to make the analytic expressions of the error bounds
readily accessible to readers not interested using Mathematica™ or similar analytic solvers
to rederive these results.

The organization of this appendix is as follows. In Appendix we first prove the
identities listed in Section [2.3] of the mean and variance of the sample variance and sample
covariance estimator of any random variable. We then list some useful statistics of the
uniform distribution in Appendix [A2] We then apply these statistics with the identities
from Appendix to the curve noise model and derive useful expressions involving
higher-order moments and covariances in Appendix [A73] Finally in Appendix [A24] we
derive the bounds on the variance of the sample estimators and thus the error bounds of

the estimator.

A.1 Estimators and their properties

In this section, we derive some useful general identities expressing the mean and variance

of the sample mean, sample variance and sample covariance estimators.
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To avoid introducing further notation, we use the symbols X and {z;} in this section
to denote the random variable of interest and its samples, but with the understanding that
the expressions in this section are true for any random variable. Later in Appendix we

will use these identities to derive bounds specific to the curve noise model of Section

Sample mean

Consider a random variable X and the estimator of its mean px from n samples {z;} :

- :ZZ:I: (A1)

It follows that the sample mean is a random variable with the following properties:

E(X,) = 1 nE(X) = jix (A2)
V(X,) = %nV(Xi) _ V(:fi). (A.3)

Sample Variance

Consider the estimator of variance of X from its n samples {z;} :
=L Z — Zp)? (A.4)

The expected value of this estimator (also a random variable) is given by

Z(X' — px) — (Xn - MX)2]

:ﬁz (X — px)? + E(Xy — px)? — 2 E(X; — px) (X — pox)]

:nll[ V(nX)—QE(X'n—/Lx)(Xn—MX)]
= (n+1-2)V(X) = V(X).

Hence &g( is an unbiased estimator.

2

The variance of the estimator &7 is a little less straightforward. We first prove some

useful identities.

Identity 3.
~2 1 2
On = 2n(n—1) z :($Z - mj)

i?j
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Proof.

RHS = Wl*” Z [(xz - jn) - (xj - jn)]2

ihj

= Zee ["Z(ﬂfi — @) 4 n ) (wj = @) =2 (v = Ta) () — Tn)
J

i .3

2
= 5y [2n zi:(xi —7)2 -2 |:Z(-Tz - rﬁn)] ]

i

= ﬁZ(% — ) O
i

To conveniently represent the higher order centered moments of a random variable X

having mean px and variance Ug(, we use the notation d,,(X) previously introduced in

as
i (X) 2 E(X — px)™ (A.5)

Note that do(X) = 1, d1(X) = 0 and 0% = d2(X) under the above definition.

Identity 4.

E[(Xi—X)™] =)
k=

0

<rg> didym—r (A.6)
Proof.

(Xi = X5)™ = ((Xi — px) — (X5 — px))"

X
> (1) = 0 —

k=0

Using independence of X; — ux and X; — ux, and taking expectations on both sides gives
the desired result. O

With the above two identities, we may prove the Identity [I] from Section [2.3] which we
restate here for reference.

Identity (1. (Variance of the sample variance estimator)

vieh) = 1 - 2o (a7

Proof. By the property of covariance of sums of variables

V(%) = @y D cov (@i — )%, (ay — 1)?) (A.8)
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There are 3 cases for the right hand side:
1. Distinct ¢, j, k, 1 :In this case cov ((:z:, —z)%, (zg — :cl)z) = 0 by independence.

2. Distinct 4,7 in cov ((x; — ), (z; — x;)?): There are 2n(n — 1) terms fulfilling this

cov ((w; — x5)?, (w; — 5)°)
= E(zi — z;)* — [E(z; — 2;)°]?
= dy(X) 4 8d1(X)d3(X) + 6d3(X) + da(X) — (2d2(X) + 2d7(X))?
= 2d,(X) + 2d3(X)?

3. Distinct 4, j, k in cov ((2; — )%, (zx — 2j)?): There are 4n(n—1)(n—2) terms fulfilling

this case.
cov ((zi — x5)%, (z, — 77)%) = E[(z; — 2;)*(z; — 2x)?]
= (da(X) + 3d3(X)) — 4d3(X)
= dy(X) — d3(X)
Summing up the weighted contributions of each case gives the desired result. O

Sample Covariance

Consider the sample covariance estimator between random variables X and Y from n sam-

ples {z;} and {y;}: ,
Sxy = ——= > (i — Xu)(yi — Ya) (A.9)

n—14%
(2
Let the true value of the covariance be denoted by oxy. The expected value of the

estimator is given by:

E(Sxy) = ! ZE(«%‘ — X)) (yi — Ya)

n—1

1

] Z[E(IJSZ — px)(yi — py) — E(zi — /J'X)(?n — uy)

)

—E(Xy — px)(yi — py) + E(Xn — px) (Yo — py)

n OXy OXY OXYy
= oxXy — — +n 5
n—1 n n n

= 0XY

Hence the estimator is unbiased.
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We proceed to derive variance of Sxy in a manner similar to that of &g( by first proving

some identities.

Identity 5. )
Sxy = mz(gji_ﬁj)(yi—%) (A.10)
Proof.
RHS = 2n(n1_ 5 Z (2 — X)) — (2 — X)) [(wi — Vo) = (5 — V)]
o , i . .
_ 2n(n — 1) ’LZJ: |:(-:Uz Xn)(yl - Yn) — (gpl _ Xn)(y] Yn)
— (x5 — Xn)(yz - Yn) + (z; — Xn)(y] — Yn)}
- 2n(nl_1) nZ(azi = Xp)(yi — Ya) + nZ(xj X))y — Y)
- (nil) 2(%‘ — X)) (yi — Yn) .

For convenience, we use the notation ¢,,(X,Y’) previously introduced in (2.23)) as
en(X,Y) 2 E[(X — ) (Y — piy)]™. (A11)

Note that ¢;(X,Y) = oxy and ¢y(X,Y) = 1. To avoid cluttering the equations, we will

drop the explicit arguments (X,Y’) when it is clear from the context.

Identity 6.
E[(Xi — X;)(Yi — Yj)] = 2c1 (A.12)
Proof.
LHS = E(X; — px)(Yi — py) + E(Xj — pux)(Yj — py)
+E(X; — px)(Y) — py) + E(X; — px)(Yi — py)
= 261 OJ
Identity 7.

E[(Xi — X,)2(Y; - ;)] = 2(ea + 0% 0% +26)) (A.13)
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Proof.

LHS = E([(Xi = pix)? 4 (X5 = px)? + 2(Xi — pux) (X — px)]
[V = ) + (¥ = ) + 2% = i) (¥ = )]
=E [2(X; — ux)*(Yi — py ) + 2(Xi — pux)*(Y; — py)? + 4er.cq

= 2¢y +20% 0% + 4¢3 O

With the above two identities, we may prove the Identity [2] from Section which we
restate here for reference.

Identity [2. (Variance of the sample covariance estimator)

V(Sxy) = C2(Xn’ Lo n‘fﬁ) - n<?n_—21)) A(X,Y) (A.14)

Proof. By the property of variance of a sum of variables:
V(6xy) = ey D cov (2 — ) (i — ), (@ — ) (v — u1) (A.15)
,7,k,1
It is clear that the case of ¢ = j and k = [ reduces the corresponding covariance term

to 0. Besides those, there are 3 cases to consider:

1. Distinct 4, j, k, [ :In this case cov ((z; — ;) (vi — v;), (@ — 21)(yr — y1)) = 0 by inde-
pendence.
2. Distinct 4,7 in cov ((z; — x)(yi — y5), (€ — x5)(yi — y5)):

There are 2n(n — 1) terms fulfilling this case.

cov (@i — ;) (yi — y5)s (xi — 25)(¥i — y5))
=E ((z; — 2j)%(yi — 4j)?) — (E(zi — 25)(yi — y5))°
=2(cy + 0% 0% 4 2¢1) — 4¢3

= 2c2 + 20%0%/

3. Distinct 4, j, k in cov ((@; — z;)(yi — v;), (xr — x;)(yr — y;)): There are 4n(n—1)(n—2)
terms fulfilling this case. After expressing each term with respect to difference from

the mean, expanding out the products and some manipulation, we get

E (2 — x;)(yi — yj)(@e — 25) (ye — y;3)) = 3¢} + 2
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which yields

cov (i — a7)(yi — y5), (wr — 25) (g — 7)) = (3¢F + ) — de

:CQ_Cl

Summing up the weighted contributions of each case gives the desired result.

A.2 Moments of the uniform distribution

In this section we list some useful statistics of the random variable S ~ Uniform(—r,r) with

the distribution fs(s) = & in [—r,7] and zero elsewhere. In the next section we will then

2r
apply these statistics to the curve noise model of (2.9)).

It can be easily verified that:

|
MS—E(S)—/Ts%ds—O
T 1 T2
g prg 27 = —
ds(S) = V(S) /_ Pgds=
E(S?) = /T s?’%ds =0

po £ E(U) = E(S?) = %
E(U?) =E(S*) = ’::
d2(8%) = V(U) = E(U?) — (E(U))* = %T4
r 6
E(U*) = E(S®) = ’j
16 4

(A.16)
(A.17)
(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)
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Let a new random variable V = S3. It similarly follows that:

py £E(V)=E(S%) =0 (A.26)
do(S%) = E(V?) = E(S%) = 7; (A.27)
(V) = E(v?) - (B0)) = (A23)
E(V3) =E(S") =0 (A.29)
4i(8%) = ds(V) = BV = E(s12) = = (A30)
Note also that:
1. Effect of Scaling:
E((aX)") = o"E(X™) (A.31)
for a constant .
2. Effect of Gaussian noise on variance:
dy(X +n) = da(X) + 60%da(X) + 30* (A.32)

for normally distributed noise n ~ A (0, 0?) using the fact the odd moments of 7 are
zero and that E(n?) = 30%.

3. Effect of Gaussian noise on covariance:
cov(X +nx,Y +ny) = cov(X,Y) (A.33)

for zero-mean independent noise nx and ny.

4. Effect of Gaussian noise on co(X,Y):
(X +nx,Y +ny) = (X,Y) + o5 (ck +0%) +of (A.34)

for zero mean independent identically distributed noise nx and ny that are indepen-

dent of X,Y and have variance 08.

A.3 Moments and Covariances

In this section we compute some useful moment and covariance identities relating the ran-
dom variables X, Y and Z, which represent the observed point samples as a noisy function

of the position S on the curve. We assume S ~ Uniform(—r,r) implying the distribution
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fs(s) = 5= in [—7r, 7] along the curve, and zero elsewhere. As stated earlier, we consider the

observed quantities to be corrupted by independent identically distributed noise terms nx,

2

ny and nz normally distributed with variance oj. In what follows, we make use of some

statistics of the uniform distribution derived in Appendix
First we consider X = S + nx

dy(X)| = E(X +nx — px)* = E(S*) + 6E(S*)E(n%) + E(n)
7,4
== +202r% + 304

Next we consider Y = 552 + ny

K RT
- "F AN
py = 5E(S7) = =
K\ 2
(V)| =0} = (5) da($?) + o}
K2rd 9
g5 00
K K
- (5) dy(5?) +6ao(2) do(5%) + E(n)
4
=95 5007 %

We can also compute the first and second order covariance between X and Y:

a(X,Y)|=cov(X,Y) = §COV(S 5?%) =

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)
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Next we consider Z = %53 + 1z

uz =E(G-S" +1z) =0 (A.44)
o= (T >2/_Zs62ids+a%=<’i:>“f+o% (19
= () sy 46 (1) s +
=(?fﬁ?%(?fi+%b (A.46)
- (5)' 55+ Gt

We can also compute the first and second order covariance between Z and X and Y.

a(X,Z2)|=cov(X,Z) = FCOU(S 53 = ggr4 (A.47)

2

= cov(Y, Z) %000(5’2, S3) =0 (A.48)
"L5%) + ok (42(8) + da( 5 5) + o
_ (%) E(SS) + o2 (22 + (“67)2 T;) + o (A.49)

= () 5t (5 (7)) oot

RT

(V. 2)| = ea(58%, 75 + 0f (da(58%) + da( -5 ) +
K27\ 2 9 o3 o (K2 2 KT\ 2 3 4
=g ) S%8%) +af 7 da(S?) + (?) da(S?) | + o (A.50)
k2r\% 68 10 9 k24 KT\2 70
- (12) 2079 +‘7°< &+ (%) 7>+00

A.4 Estimators of the covariance matrix

In this section, we compute the expected values for each entry in the covariance matrix
using the results from Appendix as well as the identities for the variances of sample

variance and sample covariance estimators derived in Appendix
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The estimate of the covariance matrix is then given by:
R >oi(wi — Xn)Q >oi(wi — Xon)(yi — Yn) >oi(mi — Xo)(zi — Zn)
My = | > (% — )gn)(yz - }in) Zi(yi,_ Yn)2 B > i — Yn)(zj — Zn)
_Zz(‘rl - XTL)(ZZ - Zn) Zz(yl - Yn)(zz - Zn) ZZ(ZZ — Zn)2
_ (A.51)
My Mya Mg
= M2 My Mo
| M3 Moz Msg
The first and second moments of these quantities follow as:
1. Mn .
2
IE(J\jll) = V(XZ) = V(Sz) + 0g = ? + 0(2) (A52>
d Xl n—3
V(Mll) 4( ) ( ) 0_31(
n nn-—1) (A.53)
1 (n—3) 2 '
57 (7" + ].OO' T + 150’3) + m (T2 + 30'(2])
2. M12 .
E(Ms) = cov(X,Y) = gnz(sff) =0 (A.54)
and
r2 2 K2t 2
1 /11 r2 k2t (? +Uo) ( 15 +00>
Mio) = — A.
V(Mi2) n<945/4”4 +00+00(3 T ))—i— e p— (A.55)
3. M13 .
E(M;s) = cov(X, Z) = 6 TE(S%) = ggr“ (A.56)
and
1 KT\2 18 9 2 KT\2 10 4
V(Ms) =7 ((6) g oo (3 +() 7) * ”0>
(A.57)

n_1< ) ()7 )
)

nfl
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4. Moo : ) )
K 2 2 K" 4 2
E(Ma2) =V(Y;) = ZV(S )+ o5 = " + 0§ (A.58)
and
Cdy(Y)  (n=3) 4
V(M) = — n(n—1)"" (459
_ 1 ”4T8+702K2T4+304 n (n—3) "627“4+ 2 ? .
“n\945 150 ) Tn(n—1) \ 45 0
D. M23 . )
E(Ms3) = cov(Y, Z) = %(E(S% ~E(S*)E(S%) =0 (A.60)
and
1 K27\ 2 68 K2rd KT\2 70
Moa) == [ (BT 10 2 KT\ T 4
V(Mas) =7 (( 12) 2079" +00< & (%) 7>+00
(A.61)
I 1 /€27'4+ 2 (lﬂ'>27’6+ 9
nn—1)\ 45 70 6/ 770
6. M33 : 6
KT\2r 9
E(Mass) = V(Z) = (%) = +0t (A.62)
and

V(Ms3) = % ((?)4 % + ZTQ)QTG + 303) + rf(nn_—gl)) ((K:GT)Q 7: + 03>2 (A.63)

Observe that the estimator for sample covariance matrix may be expressed as the sum

of the matrix of its expected value and a matrix of random variables as
M=DM+Q, (A.64)

where M = E(M) is a symmetric matrix with elements given by the equations (A.52),
(A.54), (A.56), (A.58), (A.60) and (A.62)), and @ is a symmetric perturbation matriz of
random variables each with mean 0 and variance given by the equations (A.53) (A.55)),

(A-57), (A59), (A.61)), and (A.63).




APPENDIX

Matrix Perturbation

This appendix summarizes some known results from matrix perturbation theory that an-
alyze the effect of numerical errors (or perturbations) on the solution of eigenvector and
generalized eigenvector problems. The purpose of this summary is to provide sufficient
background to understand the origin of the error bounds in equation stated in Sec-
tion which is central to the finite-sample error analysis used in Chapter [2| It is also to
state its extension to the generalized eigenvector problem that is relevant to initializing the
constrained regression problem of Chapter (3| using the HEIV estimator of .

An elaborate derivation of the theorems used to obtain the formulate we are interested in
is well beyond the scope of this appendix and is the subject of several textbooks [20], 56, [100].
We will restrict ourselves to simply presenting some general theorems and their implications,
and invoke these theorems to study problems characteristic of geometric fitting. We refer

the interested reader to [100] for a detailed exposition.

B.1 Perturbation of eigenvectors

In our study of geometric fitting problems, the desired model parameters are often estimated
as the principal (or sometimes, the minimal) eigenvector of a coefficient matrix. For many
problems of interest, is possible to construct the coefficient matrix so that in the ideal
scenario of an infinite amount of noise free data, the estimated models parameters are the
true values of the system. However in practice, as shown in Chapter 2] the coefficient
matrices are formed from a finite number of noisy observations whose effect is to perturb

the estimated model parameters away from their true values.
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In this section, we will look at eigenvector problems of the form
Ae = )e,

where A is a real symmetric n X n positive semidefinite matrix, e is an eigenvector and A
is an eigenvalue of the system.

Note that the reason for restricting our discussion to real symmetric positive semidefinite
matrices is intentional and appropriate for the geometric fitting problem. It may be easily
seen from the construction of the matrices corresponding to our A, namely the scatter
matrix M in of Chapter [2, and the S(0) matrix in and of Chapter
that they are guaranteed to be symmetric positive semidefinite.

A slightly way to express the eigenvector problem is as
AE =FEL, (B.1)

where
e [/ =[e1e1..en] are the eigenvectors of A stacked columnwise, and
o L =diag([x M .. A ]) is a diagonal matrix of the eigenvalues.

The ordering of eigenvalues is assumed to be Ay > Ao > ... > )\, without loss of generality.
We will also denote the set of eigenvalues of a matrix, say A, by L(A).

It will be useful to partition the columns of E as [ E1 E;]. Correspondingly, the diagonal
matrix L may also be partitioned into diagonal sub-blocks as L = diag(A1, L2).

The range of the columns of any non-empty partition, say E; is denoted by R(E).
Each partition of matrix F forms an invariant subspace of A having the property that
R(AEy) C R(Ey).

In what follows we will be interested in a symmetric positive semidefinite matrix ) that
perturbs the coefficient matrix 4 as A = A + Q, and study its effect on the the original
leading eigenvector e;. We will denote the corresponding principal eigen vector-value pair
of the perturbed matrix A as &; and \; respectively.

The following theorem by C. Davis and W. M. Kahan [29] is one incarnation of what
is referred to as the ‘sin ®” theorem. The theorem is so called because it bounds the sum
of squares of the sines of the canonical angles between an invariant subspace of A and an

approximation of that subspace.

Theorem 2. (Originally in [29], and appearing as Theorem V.3.4 in [100])

Let matriz A have the spectral decomposition

E EQ]TA[El By = diag(L, L) (B.2)
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where [ E1 E2] is unitary with By € R™F,
Consider any matriz Z € R™* having orthonormal columns, and any symmetric real

matriz D of order k. Let us define a residual matriz R as

R2AZ - ZD (B.3)
It
6 = min |£(Ly) — L(D)| > 0 (B.4)
then R
sin|© (R(E1), R(2) 1 < 1FIT. (B.5)

where © (R(E1),R(Z)) is the matriz of canonical angles between the two subspaces.

Thus, this theorem allows us to upper bound between the subspace spanned by the
columns of matrix F; and the subspace spanned by other matrix Z that is “close” to Fj.

Since the partition of F, as well as Z and D are arbitrary, we may use this theorem to
assess the effect of a perturbation to the matrix A on the estimated eigenvector as follows.

Let E1 = e; so that £ = [e1 E2] and so L1 = \;. Let us now assign the matrices Z and
Das Z =28 and D = ;.

Then the implication of the above theorem is that the sine of the angle between the true
eigenvector e; and the approximate eigenvector €; may be bounded as

sin /(eq, &) < ”]E”F. (B.6)

With this bound and the relations that precede it, we may proceed to try and estimate
the terms 0 and || R||r using available quantities.
From the above assignment, the value of § in the denominator may be lower bounded

as

6 =min|L(Ly) — \i|
> min |[£(La) — A1 (B.7)

A1 — A2

which is simply the spectral gap 4 of matrix A. Note that the inequality arises from @

being a positive semi-definite matrix.
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The numerator may be upper bounded as

R2 AZ — 7D = Aé, — e\
= (A-Q)e1 — \ié& (B.8)
- 7Qé15

from which ||R||r < ||Q]|r arises out the property of Frobenius norms.

Thus we obtain the desired relation

1@~

sin Z(el, él) S
oA

B.2 The Generalized eigenvector problem

In this section, we will look at eigenvector problems of the form
Ae = \Be,

where A and B are real symmetric n X n positive semidefinite matrices, e is an eigenvector
and A is an eigenvalue of the system. Again, our reason for this restriction may be justified
from inspecting and from Chapter |3l We will confine ourselves to presenting
only the main results for the case of positive definite matrices and again refer the interested
reader to [100] for details.

The concept of an invariant subspace in the case of real symmetric matrices extends to
eigenspaces in the case of generalized eigenvector problems. If (A, B) form a matrix pair

having non-zero eigenvalues, then the subspace formed by columns of F is an eigenspace if
dim(AE + BE) < dim(E) (B.10)

where dim denotes the dimensionality of the subspace.
The theorem below considers the perturbed system A=A+Q4and B=B+Qp and

the estimates of its corresponding eigenspaces.

Theorem 3. (Originally in [101], and appears as Theorem VI.3.9 in [100])
Let A and B have the spectral decomposition

lex EQ}TA[el EQ}:[/\SU LZJ (B.11)

e EQ]TB[el By = [Ag’l L(;J, (B.12)



B.2. THE GENERALIZED EIGENVECTOR PROBLEM 117
where the columns of [e1 E2| are the generalized eigenvectors of (A, B).
Define
6 2 min{x(\ ) : A€ L(Aa1, A1), A € L(Lag, Lpa)} > 0 (B.13)
where the chordal distance x(\, ) between two eigenvalues A and p is defined as
A = pll
A p) = , B.14
A = A A e (B9
Then
VIAZ ¥ B? 1Qae1ll% + |@perll;
sin /ey, &) < VA £ Boll2 \/ r r (B.15)
v(A, B)y(4A, B) 0
where the Crawford number v(A, B) is defined as
(A, B) 2 min /(eTAe)? + (e”Be)? (B.16)

llella=1

As done in the previous section, we can lower bound the terms in the denominator and

upper bound the terms in the numerator to yield

n Jen6 < a2 57 \/1Qal% + Qs
simz(eg,er) =

(A, B)? min(d4,05)

(B.17)
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